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The image system for a three-dimensional flow generated by regularized forces outside a 
solid sphere is formulated and implemented as an extension of the method of regularized 
Stokeslets. The method is based on replacing a point force given by a delta distribution 
with a smooth localized function and deriving the exact velocity field produced by the 
forcing. In order to satisfy zero-flow boundary conditions at a solid sphere, the image 
system for singular Stokeslets is generalized to give exact cancellation of the regularized 
flow at the surface of the sphere. The regularized image system contains the same elements 
as the singular counterpart but with coefficients that depend on a regularization parameter. 
As this parameter vanishes, the expressions reduce to the image system of the singular 
Stokeslet. The expression relating force and velocity can be inverted to compute the forces 
that generate a given velocity boundary condition elsewhere in the flow. We present 
several examples within the context of biological flows at the microscale in order to 
validate and highlight the usefulness of the image system in computations.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Biological systems at the microscale often involve flows around spherical objects. Successful fertilization in mammals 
requires sperm penetration of the viscoelastic layer surrounding the spherical ovum [1]. In the case of invertebrates, it has 
been shown that encounter rates between a swimming sperm and the egg depend upon the shear force produced by fluid 
motion near the rotating egg [2]. In addition, many microorganisms have spherical cell bodies. The flow dynamics near the 
cell body are important for motility [3] as well as nutrient exchange [4]. At these length scales, inertia is negligible, and the 
three-dimensional fluid motion may be described by the incompressible Stokes equations

μ�u = ∇p − F(x), (1a)

∇ · u = 0 (1b)

where μ is the fluid viscosity, u is the fluid velocity, p is the pressure, and F is the external force per unit volume. When 
the external force is given by a delta distribution, F(x) = fδ(x − y), the fundamental solution u is known as the Stokeslet, 
which is singular at the point y where the force is applied.
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Fig. 1. Schematic diagram and notation. The diagram shows the projection of the solid sphere onto a plane defined by the velocity evaluation point x, the 
Stokeslet location y∗ and the center of the sphere.

The linearity of Stokes flow makes it possible to modify the Stokeslet kernel to analytically enforce zero velocity on cer-
tain surfaces. For the case of a solid planar surface, this is accomplished using the method of images, where a Stokeslet and 
other singular solutions of Stokes equations are placed at the image point: the reflection of x across the plane. Blake [5,6]
used Fourier transforms to derive the images for a (singular) Stokeslet, rotlet, source, and (Stokeslet) doublet. By differenti-
ating with respect to the pole, Pozrikidis [7] derived the image systems for the Stokeslet, source and dipole.

In the case of a solid sphere, the fluid velocity generated by a Stokeslet outside the sphere must satisfy the zero-flow 
boundary condition at its surface. Oseen [8] in 1927 derived the Green’s function (Stokeslet) for this flow based on a velocity 
ansatz that satisfied the boundary condition and a correction to enforce zero divergence. Nigam and Srinivasan [9] and 
Higdon [10] discovered that Oseen’s formulation could be interpreted as a line distribution of singularities in the interior 
of the sphere. Specifically, they found that the image system of a radially-directed Stokeslet can be decomposed into a 
Stokeslet, a potential dipole, and a stresslet with poles at the image point. The image system of a transverse Stokeslet (one 
with no radial component) can be decomposed into a line distribution of Stokeslets, potential dipoles, and Stokeslet doublets 
extending from the sphere center to the image point. A comprehensive investigation of these distributions is presented by 
Kim and Karrila [11] and further discussion can be found in [7,12]. Examples of the use of this method in computational 
models of self-propelled microorganisms can be found in [10,13–15] with some modifications to deal with the singularities 
of the external Stokeslets and asymptotically in [16].

1.1. Regularized Stokeslets

The method of regularized Stokeslets [17,18] was created as a technique for removing the singularities at the location of 
the forces. Instead of a point force represented by a delta distribution, the external force in Eq. (1a) is assumed to be given 
by F(x) = fφε(x − y), where φε(x) is a radially symmetric smooth function concentrated at the origin, similar to a Gaussian. 
The parameter ε > 0 controls how concentrated the function is near zero. An exact solution u(x) of the Stokes equations 
for this force is called a regularized Stokeslet. For example, the function

φε(x) = 15ε4

8π(|x|2 + ε2)7/2
(2)

leads to the regularized Stokeslet in component form

8πμu j(x) = S jk fk =
(

1

R
+ ε2

R3

)
δ jk fk + x̂ j x̂k

R3
fk (3)

where δ jk is the Kronecker delta (Einstein summation notation assumed) and we use the notation x̂ = x − y and R =√|x̂|2 + ε2. The method of regularized Stokeslets provides a nonsingular velocity field everywhere, including the points 
where the forces are applied. We mention also that in the limit as ε → 0, Eq. (3) reduces to the traditional Stokeslet with 
singularities at y.

The method of images for a planar surface has been adapted to be used in combination with the method of regularized 
Stokeslets [19,20]. Applications of the planar regularized images can be found in [21–29]. On the other hand, thus far, the 
image system for flows bounded by a sphere applies only to singular solutions (Stokeslet) in the flow. We extend this 
work by deriving the corresponding image system for regularized Stokeslets. The result is an explicit formula relating the 
regularized forces generating the flow to the fluid velocity that vanishes analytically at the surface of a sphere. The linear 
dependence of the velocity on the forces can be inverted to solve for the forces that generate a flow with given velocity 
constraints. Several examples are presented to display the use of the method in applications.

2. Image system for a sphere using regularized Stokeslets

Given a sphere of radius a centered at the origin, we assume that a Stokeslet is located at point y∗ outside the sphere 
and define r∗ = x j − y∗ , r∗ = |x − y∗| and R∗2 = r∗2 + ε∗2. Here, x is the point where the velocity is evaluated. (See Fig. 1.)
j j
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The image point is defined as y with

y j = a2

|y∗|2 y∗
j

and we set r j = x j − y j and r = |x − y|. We will use the fact that for |x| = a (at the sphere surface) the distances satisfy 
r = a

|y∗| r
∗ , which motivates scaling the regularization parameter at the image point by ε = ε∗ a/|y∗| so that

R2 = r2 + ε2 = a2

|y∗|2 R∗2.

The original Stokeslet. The flow due to a Stokeslet of strength �f is given by 8πμu j = S jk fk , where

S jk =
(

1

R∗ + ε∗2

R∗3

)
δ jk + r∗

j r∗
k

1

R∗3
.

To translate this to the image point, we use the expansion r∗
j = r j + y jh where h = 1 − a2/|y|2, so that

S jk = |y|
a

(
1

R
+ ε2

R3

)
δ jk + |y|3

a3

1

R3

(
r jrk + h(r j yk + rk y j) + h2 y j yk

)
. (4)

The regularized elements required at the image point are Stokeslets, doublets, dipoles and rotlets:

S jk =
(

1

R
+ ε2

R3

)
δ jk + r jrk

1

R3
(5)

� jkl = −3ε2

R5
δ jkrl + (−δ jkrl + δ jlrk + δklr j)

1

R3
− 3r jrkrl

1

R5
(6)

D jk =
(

− 1

R3
+ 3ε2

R5

)
δ jk + 3r jrk

1

R5
(7)

R jk = ε jklrl
1

R3
. (8)

Here, the index notation ε jkl vkbl represents the j-th component of v × b. Because of the spherical symmetry, a general 
force �f in three dimensions located at y∗ can be decomposed into a radial component and a transverse component. Let 
ek = y∗

k/|y∗| be the radial unit vector and define the transverse unit vector e⊥ through the decomposition fk = ( f je j)ek +
[ fk − ( f je j)ek] = f nek + f τ e⊥

k . In the following derivation we adapt the work of Kim and collaborators [11,12] to the case 
of regularized Stokeslets.

2.1. Radial forces

We assume first that fk = f yk/|y| = f ek , so the original Stokeslet in Eq. (4) can be written as

f ek S jk = f w

(
1

R
+ ε2

R3

)
e j + f w3 1

R3

(
r jq + h|y|(r j + qe j) + h2|y|2e j

)
(9)

where q = rkek and w = |y|/a.
In this case we will use only the three following image elements: a radial Stokeslet of strength gek , a doublet of strength 

σ̃ ekel (i.e. a stresslet, since the doublet strength is a symmetric tensor), and a radial dipole of strength d̃ek . Using their 
respective expressions from Eqs. (5)–(7) we have that

gek S jk = g

(
1

R
+ ε2

R3

)
e j + gqr j

1

R3
(10)

σ̃ ekel� jkl = σ̃

(
−3ε2

R5
e jq + r j

1

R3
− 3r jq

2 1

R5

)
(11)

d̃ek D jk = d̃

((
− 1

R3
+ 3ε2

R5

)
e j + 3qr j

1

R5

)
. (12)

Based on the singular case [11], we expect that g = 1
2 f w3 − 3

2 f w . Using this value and adding all components gives a 
velocity
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8πμu j = f ek S jk + gek S jk + σ̃ ekel� jkl + d̃ek D jk

= e j

[
f w3h|y|(q + h|y|) 1

R3
− 1

2
f w(1 − w2)

(
1

R
+ ε2

R3

)
− σ̃

3ε2

R5
q + d̃

(
− 1

R3
+ 3ε2

R5

)]

+ r j

[(
f w3h|y| − 3

2
f w(1 − w2)q + σ̃

)
1

R3
− 3σ̃q2 1

R5
+ 3d̃q

1

R5

]
.

Since the vector r = x − y will have a radial component and a component perpendicular to y, we write r j = qe j + pe⊥
j . 

For notational convenience, we define α and β through the formula

q = r je j = a2 − |y|2
2|y| − r2

2|y| = 1

2

(
ε2

|y| − h|y| − R2

|y|
)

= α − βR2.

Using these two expressions, the velocity at the sphere surface must satisfy

0 = e j

[
R

3β

2
( f w3 − f w + 2σ̃ β)

+ 1

R

[
(−2 f w3h|y|β + 1

2
f w3 − 1

2
f w) − 2αβ(

3

2
f w3 − 3

2
f w + 3σ̃ β) − βσ̃ + 3β2(d̃ − σ̃ α)

]

+ 1

R3

[
ε2 1

2
( f w3 − f w + 6σ̃ β) + f w3(α + h|y|)2 + α2(

1

2
f w3 − 3

2
f w + 3σ̃ β) − (6αβ + 1)(d̃ − σ̃ α)

]

+ 3

R5
(ε2 + α2)(d̃ − σ̃ α)

]

+ pe⊥
j

[
− 1

R

3β

2
( f w3 − f w + 2σ̃ β) + 1

R3
(

3

2
α f w(w2 − 1) + f w3h|y| + σ̃ + 6σ̃ αβ − 3d̃β) + 3

R5
α(d̃ − σ̃ α)

]

2.1.1. Cancellation in the directions of y
The velocity component in the e j direction must vanish for all R , so that looking at the coefficients of R and R−5, 

we set

f w3 − f w + 2σ̃ β = 0, d̃ − σ̃ α = 0

which leads to

0 = u je j = 1

R
(−2β)

[
f aw2(w2 − 1) + σ̃

]

where we have used w = |y|/a to write w2h = w2 − 1, wh|y| = a(w2 − 1) and the definitions α = 1
2 (ε2/|y| − h|y|) and 

β = 1/2|y|. Note that these conditions make the coefficients of R−1 and R−3 vanish also. We conclude that

g = 1

2
f w(w2 − 3)

σ̃ = f aw2(1 − w2) (13)

d̃ = 1

2
f w(1 − w2)[a2(1 − w2) + ε2].

It can be verified that with these choices the velocity in the perpendicular direction u je⊥
j also vanishes.

In summary, a radial Stokeslet outside the sphere at y∗ has images at y consisting of the elements in Eqs. (10)–(12) with 
coefficients given in Eq. (13).

2.1.2. Transverse forces
In this section we assume �f is transversal, so that fk = f e⊥

k and the original Stokeslet is

f e⊥
k S jk = f w

(
1

R
+ ε2

R3

)
e⊥

j + f w3 1

R3

(
r j p + h|y|pe j

)

where p = r je⊥
j and w = |y|/a. Since �r = x − y can have any direction, we write r j = x j − y j = qe j + pe⊥

j + te⊥⊥
j , where 

q = r je j , t = r je⊥⊥
j and e⊥⊥ = e × e⊥ . Note that r2 = p2 + q2 + t2.

Following the analysis in [11], in the transverse case we will make use of all four image elements below plus a distribu-
tion of Stokeslets, dipoles and rotlets along the line segment connecting the center of the sphere and the image point. We 
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begin with the elements at y, which are: a Stokeslet of strength ge⊥
k , a doublet of strength σ e⊥

k el , a dipole of strength de⊥
k

and a rotlet of strength λ(εkmne⊥
men).

ge⊥
k S jk = g

(
1

R
+ ε2

R3

)
e⊥

j + gpr j
1

R3
(14)

σ e⊥
k el� jkl = σ

(
−3ε2

R5
e⊥

j q + (−e⊥
j q + e j p)

1

R3
− 3r j pq

1

R5

)
(15)

de⊥
k D jk = d

(
− 1

R3
+ 3ε2

R5

)
e⊥

j + 3dpr j
1

R5
(16)

λ(εkmneme⊥
n )R jk = λ(εkmneme⊥

n )ε jklrl
1

R3
= λ

(
−e j p + e⊥

j q
) 1

R3
(17)

As before, we expect g = 1
2 f w3 − 3

2 f w so we add the 5 elements and use the decomposition of r j to get the velocity 
contribution of these elements to be

e⊥
j

[
1

2
f w(w2 − 1)

(
1

R
+ ε2

R3

)
+

(
3p2

2
f w(w2 − 1) − σq − d + λq

)
1

R3
+ 3(d − qσ)(p2 + ε2)

1

R5

]

+ pe j

[
( f w3h|y| + σ − λ + q

3

2
f w(w2 − 1))

1

R3
+ 3q(d − qσ)

1

R5

]

+ pte⊥⊥
j

[
3

2
f w(w2 − 1)

1

R3
+ 3(d − qσ)

1

R5

]
(18)

where the unknown scalars are σ , d and λ.

Line integrals of 3 elements. In addition to the elements above, we will need three more elements that are obtained from 
the integral along the line segment from the center of the sphere to y of a Stokeslet, a doublet and a dipole. These are 
proportional to a scalar ρ which must be determined. Let s ∈ [0, 1] and note that x j − sy j = r j + (1 − s)|y|e j = pe⊥

j + te⊥⊥
j +

(q + (1 − s)y)e j . We define X2 = |x − sy|2 = p2 + t2 + (q + (1 − s)|y|)2 and Q 2 = X2 + ε2.
Then the integral of Stokeslets with strengths ρ|y|se⊥

k is

I S = ρ|y|2
1∫

0

e⊥
j

(
1

Q
+ ε2 + p2

Q 3

)
s + spte⊥⊥

j

Q 3
+ sp[q + (1 − s)|y|]e j

Q 3
ds. (19)

Similarly, the integral of dipoles of strengths ρ|y|(2s − |y|2s3)e⊥
k is

I D = ρ|y|2
1∫

0

e⊥
j

(
− 1

Q 3
+ 3(ε2 + p2)

Q 5

)
(2s − |y|2s3) + 3pte⊥⊥

j

Q 5
(2s − |y|2s3)

+ 3p[q + (1 − s)|y|]e j

Q 5
(2s − |y|2s3) ds (20)

where  is a length scale to be determined. The integral of rotlets of strengths 2ρ|y|2s2(εkmleme⊥
l ) is

I R = 2ρ|y|3
1∫

0

(
[q + (1 − s)|y|]e⊥

j − pe j

)(
1

Q 3

)
s2 ds. (21)

Using a recursion formula for the integrals (see Appendix A), we arrive at the following expression for the sum I S + I D +
I R evaluated at a point x on the sphere

ρe⊥
j

[
− R

2
+ (a2 + ε2 + |y|2) 1

R
− 1

2

(
(a2 + ε2 − |y|2)2 + 4t2|y|2

) 1

R3

]

+ ρ|y|pe j

[
− 1

R
+ (a2 + ε2 − |y|2) 1

R3

]
+ 2ρpt|y|2e⊥⊥

j
1

R3
(22)

Combining Eq. (22) with Eq. (18) gives the velocity at the sphere surface
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e⊥
j

[
1

2
f w(w2 − 1)

(
1

R
+ ε2

R3

)
+ (

3p2

2
f w(w2 − 1) − σq − d + λq)

1

R3
+ 3(d − qσ)p2 1

R5

+ 3(d − σq)
ε2

R5
+ ρ

(
− R

2
+ (a2 + ε2 + |y|2) 1

R
− 1

2

(
(a2 + ε2 − |y|2)2 + 4t2|y|2

) 1

R3

)]

+ pe j

[
( f w3h|y| + σ − λ + q

3

2
f w(w2 − 1))

1

R3
+ 3q(d − qσ)

1

R5
+ ρ|y|

(
− 1

R
+ (a2 + ε2 − |y|2) 1

R3

)]

+ pte⊥⊥
j

[
3

2
f w(w2 − 1)

1

R3
+ 3(d − qσ)

1

R5
+ 2ρ|y|2 1

R3

]

which vanishes with the choices

g = 1

2
f w(w2 − 3)

σ = −af w2(1 − w2)
a2(1 − w2) − ε2

a2(1 − w2) + ε2

d = −1

2
f w(1 − w2)(a2(1 − w2) − ε2)

λ = −2a3 f w2(1 − w2)2

a2(1 − w2) + ε2

ρ = 3 f (1 − w2)2

2w(a2(1 − w2) + ε2)

(23)

where w = |y|/a. These expressions provide exact cancellation of the velocity field at the surface of the sphere for any 
nonnegative value of ε . The limit as ε → 0 gives the same images in [11] for the singular Stokeslet.

In summary, a transverse Stokeslet outside the sphere at y∗ has images at y consisting of the elements in Eqs. (14)–(17)
plus the integrals in Eqs. (19)–(21) with coefficients given in Eq. (23). In practice the integrals are computed analytically 
and computed as a single element at the image point.

3. Numerical examples

We present several numerical examples, motivated by biological flows at the microscale, that show the utility of the 
image system.

3.1. Example 1: flow due to three forces

In the first example, we consider three random forces in the z = 0 plane and compute the flow they generate in the 
z = 0 plane. Fig. 2b shows the forces and velocity field computed with the image system derived in Section 2 around a 
sphere of radius 0.8. The region occupied by the sphere has been shaded for visualization. Since the forces are isolated and 
there is no particular discretization length scale, the regularization parameter was set arbitrarily to ε = 0.01. For comparison 
we have also included in Fig. 2a the flow produced by the forces in the absence of the sphere. Without the image system, 
the surface of the sphere would have to be discretized with regularized forces that enforce the zero flow condition at the 
surface. This would require a potentially costly solution of a large linear system.

3.2. Example 2: viscoelastic network in Stokes flow

In biological systems, viscous fluids often contain polymers that provide elastic properties. Such viscoelastic flows play 
important roles in transport by cilia in mucociliary transport in the lungs [30], and sperm penetration of the oocyte cumu-
lus complex in mammalian fertilization [31], for example. Motivated by the latter, we consider a network of elastic links 
surrounding a sphere and the deformation of the network due to an applied force in the fluid. The sphere is assumed to be 
stationary, and the fluid velocity must be zero at its surface. The network consists of a mesh of thickness 0.5 (five layers of 
1002 nodes each) around a sphere of radius 0.9. Each node in the mesh is connected to its 26 nearest neighbors by links 
consisting of a spring–dashpot combination depicted in Fig. 3. The dashpot allows for the resting length of the spring to 
change so that the network configuration after applying a force may not be equal to the initial configuration. More details 
can be found in [32].

In our example, a single regularized force at a distance of 1.6 above the sphere is applied for 0.5 time units. The fluid 
motion generated by the force deforms the network, which in turn, produces forces at the nodes. The forces at the nodes 
x1 and x2 due to a single link connecting them are

fs(x1) = −fs(x2) = 2
0 E

(‖x2 − x1‖ − 1

)
x2 − x1

, (24)

(t) ‖x2 − x1‖
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Fig. 2. (a, b) Velocity fields at the z = 0 plane due to three random point forces evaluated utilizing free space regularized Stokeslet and solid sphere regu-
larized Stokeslet, respectively. The sphere of radius rs = 0.8, point forces at distance 0.2 from the surface of the sphere at points (1, 0, 0), (

√
2/2, 

√
2/2, 0)

and (0, 1, 0), the regularization parameter ε = 0.01.

Fig. 3. Schematic of a spring–dashpot link.

where (t) denotes the element resting length and E is the stiffness constant and 0 = (0) an initial resting length. The 
spring resting lengths change dynamically with the equation

d(t)

dt
= E0

η

(‖x2 − x1‖
(t)

− 1

)
, (25)

where η is a constant. The total force at each network node is computed by summing over the individual links emanating 
from that node [32]. Fig. 4 shows the network at the times when the force is initially applied and when it is removed, 
which is also the time of maximum deformation of the network.

Given the location of the nodes at any time, the forces at the nodes are computed using Eqs. (24)–(25) and the velocity 
of the nodes is then computed using the image system by direct evaluation. The network nodes are updated using the fluid 
velocity at their location. The computational advantage is that the sphere appears only virtually and its surface does not 
have to be discretized in any way. In fact, if the image system was not used, zero velocity conditions would have to be 
imposed on the nodes of the discretized surface. This would give rise to a linear system to solve for the forces on those 
nodes so that the no-slip condition is satisfied. This system would be of size 3M × 3M , where M is the total number of 
nodes on the sphere. We emphasize that, with images, no such linear system needs to be solved.

3.3. Example 3: helical swimmer

In the previous example of the deformation of a viscoelastic mesh around a rigid sphere, forces at the nodes of the 
mesh were specified, and the mesh evolved with the velocities at those nodes due to those forces. In contrast, we now 
examine the swimming of a microorganism whose flagellar dynamics are specified, and the forces that result in the specified 
kinematics must be solved for. This model microorganism has a spherical cell body of radius A and a helical flagellum of 
length L connected to it at one point. We assume the organism’s shape relative to itself (i.e., up to translation and rotation) 
is given by the curve

X(s, t) = (s, E(s)α cos (ks − γ t) , E(s)α sin (ks − γ t)) , (26)

where E(s) = 1 − e−k2
e s2

so that the helical wave amplitude is damped in a short region near the cell body. The function has 
property E(0) = 0, E ′(0) = 0 and grows rapidly to value one so that the helix has mostly constant amplitude α but there 
is a single point of attachment to the body for all times (see Fig. 5a). This setup was considered by Higdon in [15], where 
slender body theory for the flagellum was coupled to the drag on the sphere to compute the overall swimming speed and 
power consumption of the model organism.
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Fig. 4. Viscoelastic network attached to a solid sphere subject to radial point force (a) at time t0 = 0 and (b) at time t1 = 0.5 (η = 5). Sphere radius rs = 0.9, 
network composed of five equidistant, crosslinked layers of 1002 nodes each, the network’s thickness L ≈ 0.5, the applied force magnitude is 300 located 
at a distance 1.6 from the surface of the sphere.

Fig. 5. (a) Schematic helical swimmer and (b) fluid flow pattern (velocity field and streamlines) on its section plane.

The flagellum’s velocity is prescribed by differentiating Eq. (26) with respect to t

ud(s, t) = ∂X(s, t)

∂t
. (27)

Here, ud(s, t) is a “deformation velocity” that the flagellum would have in the absence of the fluid. Once it interacts with 
the fluid, the organism (cell body and flagellum) will also experience translation and rotation. To account for this rigid 
body motion we place a Stokeslet–dipole combination of strength f0 and a rotlet of strength L at the center of the sphere. 
Therefore, if xc represents the center of the sphere at time t and for 0 ≤ s0 ≤ L, the total velocity at X(s0, t) is given by

ud(s0, t) + U + � × (x − xc) = 1

μ

L∫
0

G(X(s0, t),X(s, t))f(s)ds + Utrans(X(s0, t)) + Urot(X(s0, t)) (28)

where G is the image Stokeslet kernel. Here, Utrans(x) is the velocity due to the Stokeslet–dipole combination at the cen-
ter of the sphere, where the unknown strength f0 is related to the rigid body translation by f0 = 6π

√
A2 + ε2 U (see 

Eqs. (B.1)–(B.2) in Appendix B for the full expressions). Urot(x) is the velocity at x due to the rotlet at the center of the 
sphere whose strength L is related to the rigid body rotation by L = 4π(A2 + ε2)3/2 � (see Eqs. (B.3)–(B.4) in Appendix B
for details).

In computations, we discretize the flagellum with N points equally spaced in arc length so that the point separation is 
�s = L/(N − 1). After approximating the integral, Eq. (28) becomes a system of 3N equations for the 3N + 6 unknowns 
U, � and fn (n = 1, . . . , N). The final 6 equations come from enforcing zero net force and zero net torque of the organism 
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since there is no external force acting on the system. Care must be taken to ensure that all forces, including those at the 
image points inside the sphere, are accounted for. Given a force f outside the sphere, we decompose it into its radial and 
transverse components f = f‖ + f⊥ . The force and torque due to the images of the radial component are

fI‖ = gf‖/ f and M‖ = 0. (29)

The force due to the images of the transverse component is

g +
1∫

0

ρ|y|2d = g + ρ

2
|y|2 = g + ρ

2
a2 w2

and the torque due to the transverse component of the Stokeslets at the images is

y × ge⊥ +
1∫

0

(y) × (ρ|y|e⊥)|y|d = y∗ × (g w2)e⊥ + y∗ ×
(

1

3
ρa2 w4

)
e⊥.

Similarly we compute contributions to the torque from all image elements and arrive at

fI⊥ =
(

g + ρ

2
a2 w2

)
e⊥ and M⊥ = y∗ × T, where T =

(
g w2 + ρa2 w4 + w(λ − σ)

a

)
e⊥. (30)

We point out that in the limit of vanishing regularization, the quantities in Eqs. (29)–(30) reduce to fI = w
2

(
w2 − 3

)
f‖ +(

− 3
4 w − 1

4 w3
)

f⊥ and M⊥ = −w3e⊥ shown by Higdon in [14], where w = |y|/A = A/|y∗|. Similar models were proposed 
by Higdon in [10,15].

Thus the zero net force and zero net torque conditions to be enforced are

f0 +
N∑

n=1

(fn + fI
n) �s = 0 and 2L +

N∑
n=1

(Xn − xc) × (fn + Tn) �s = 0, (31)

where f0 is the force at the sphere center that produces the translation velocity U and 2L is the torque produced by the 
rotlet at the center of the sphere which generates the angular velocity � (see Appendix B). Once the linear system has been 
solved, the velocity at any point x in the fluid is given by

u(x) = 1

μ

N∑
n=1

G(x,Xn)fn �s + Utrans(x) + Urot(x). (32)

Comment: While the computation of the Stokeslet flow with sphere images has been derived based on the radial and 
transversal decomposition of each force, when solving the inverse problem, the forces have to be written with respect to 
a common coordinate system. This is accomplished with a change of basis. For example, the radial component of a force 
f located at y∗ is f‖ = eeT f, where e = y∗/|y∗| and the superscript T indicates the transpose. Then the velocity due to the 
radial force satisfies

μu(x) = Grad(x,y∗)f‖ = Grad(x,y∗)(eeT )f

which amounts to modifying the image Stokeslet kernel by the appropriate transformation. Similarly, the transverse compo-
nent (I − eeT )f is decomposed into two directions, e1 and e2, that are orthogonal to each other and to the radial direction. 
Then the velocity due to the transverse force satisfies

μu(x) = Gtrans(x,y∗)e1eT
1 (I − eeT )f + Gtrans(x,y∗)e2eT

2 (I − eeT )f.

As in [15] we record the average swimming speed and the power consumption for different configurations of the swim-
mer by changing the parameter L/A. The average swimming speed normalized by the wave speed V = γ /k is expressed as

U/V = k(U · �p)

γ |�p| , (33)

where �p = (�1 − γ , �2, �3). The dimensionless power consumption is

η−1
0 = P/6πμAU 2, (34)

where the power is expressed as
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Fig. 6. (a) Average swimming speed and (b) power consumption in the non-dimensional form (34) as functions of the number of waves, respectively. The 
curves are shown for three different length flagella and ε/A = 0.02 discretized at N = L/ε points. The wave parameters used were αk = 1 and k/ke = 1. 
Also shown are the computed values when a full discretization of the sphere is used (L/A = 5 d.s.).

P =
N∑

n=1

f(sn) · ud(sn)�s. (35)

Fig. 6a shows the average swimming speed and Fig. 6b shows the power consumption as functions of the number of wave-
lengths, Nλ . The results show close agreement with same quantities reported in Figs. 3–4 of [15], where the flagellum was 
approximated using slender-body theory in order to address the singularity of the Stokeslet. The regularization parameter 
in our simulations was set to ε = 0.02A so that it equals the radius of the slender body used in [15]. Convergence studies 
for a fixed regularization parameter, but refining the discretization along the flagellum, were performed (not shown here), 
and demonstrate that velocities and power computations with 500 flagellar nodes differed by less than one percent from 
those computed using 8000 flagellar nodes. Figs. 6a,b also show the average swimming speed and power consumption at 
L/A = 5 computed not with images, but with a full discretization of the spherical cell body. These values are indistinguish-
able from those computed using the regularized image system. For each Nλ the flagellum was discretized with 500 nodes, 
and the sphere surface was discretized with 5292 nodes. While a 1500 × 1500 linear system needed to be solved for node 
forces when the images for the sphere were used, a 17376 × 17376 linear system needed to be solved when images were 
not used. The zero velocity boundary condition had to be imposed one each sphere node. In each case, the linear system 
was solved using the Python built-in solver based upon GESV. Sweeping through all of the values of Nλ in Figs. 6a,b took 
about 17 seconds on a single processor desktop when images were used compared to about 20 minutes when the sphere 
was discretized. In fact, this was a coarse discretization of the sphere, because the distances between nodes on the sphere 
surface were considerably larger than the distances between nodes along the flagellum.

3.4. Example 4: dinoflagellates model

Dinoflagellates are unicellular phytoplankton that swim due to the action of two flagella. A longitudinal flagellum prop-
agates approximately planar wave and a transverse helical flagellum that is wrapped around the cell and propagates helical 
waves; see Fig. 7a. The cell body of the microorganism is nearly spherical and has been observed to rotate and translate 
about its longitudinal axis, producing helical swimming trajectories [33,34].

An idealized model of the transverse flagellum as a closed waving ring, in the absence of any cell body, demonstrated 
that both rotational and translational motion of the ring could result from the propagation of a helical wave around its 
length in a viscous fluid [36]. Here we focus on the fluid motion generated by the transverse flagellum, which is represented 
by a closed helical tube around the equator of a sphere. The fluid motion is generated by a wave propagating along the 
helical tube; see Fig. 7b. We idealize the model swimmer by not including an attachment of the flagellum to the spherical 
cell body. Moreover, in contrast with the helical swimmer example in the previous section, here we choose to represent 
the flagellum not by a curve, but by a tube with surface forces. This surface distribution of regularized Stokeslets, while 
more costly than the centerline distribution, has been shown to be more accurate for helices with appreciable curvature or 
thickness [37]. In [35], we investigated the motility of this model dinoflagellate using regularized Stokeslets without the use 
of sphere images, but a full discretization of the sphere.

The centerline of the closed helical tube is given parametrically by the equation
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Fig. 7. (a) The dinoflagellate Pfiesteria piscicida (© 2001 Virginia Institute of Marine Science (VIMS)/College of William and Mary). (b) Model proposed 
in [35].

Xc(s, t) =

⎧⎪⎪⎨
⎪⎪⎩

X(s, t) = [
r0 − R sin

(
np s/r0 − γ t

)]
cos (s/r0) ,

Y (s, t) = [
r0 − R sin

(
np s/r0 − γ t

)]
sin (s/r0) ,

Z(s, t) = R cos
(
np s/r0 − γ t

)
,

(36)

where 0 ≤ s ≤ 2πr0. The helical centerline is wrapped around a circle of radius r0 and has amplitude R and wavelength 
λ = 2πr0/np , where np denotes the number of pitches. As time t progresses the toroidal spiral travels around the torus 
with speed ωs = γ λ/2π and period T = 2π/γ .

A tube of radius rh around Xc(s, t) is generated by defining a local set of orthonormal vectors (T(s, t), N(s, t), B(s, t)), 
where T(s, t) is tangent to the centerline. Then the tube surface is

Xh(s, θ, t) = Xc(s, t) + rh (N(s, t) sin θ + B(s, t) cos θ) (37)

where 0 ≤ θ ≤ 2π . The local coordinates used here are

T(s, t) = X′
c(s, t)∥∥X′
c(s, t)

∥∥ , N(s, t) = T(s, t) × X′′
c (s, t)∥∥X′′

c (s, t)
∥∥ and B(s, t) = T(s, t) × N(s, t),

where the prime indicates differentiation with respect to s. The prescribed tube velocity is then given by differentiating 
Eq. (37) with respect to time

Ẋh(s, θ, t) = Ẋc(s, t) + rh
(
Ṅ sin θ + Ḃ cos θ

) − rh
(
Ḃ · N

)
(N cos θ − B sin θ) (38)

where the last term simply removes any tube cross-sectional rotation (twist) due to the choice of local coordinates (see Ap-
pendix C).

Using discrete values of the parameters s and θ , we discretize the tube surface at time t with N points Xn and set their 
velocities to ud(Xn) based on Eq. (38). We add a Stokeslet–dipole combination of strength f0 and a rotlet of strength L at 
the center of the sphere as before, and solve Eq. (31) together with

ud(Xm) + U + � × (Xm − xc) = 1

μ

N∑
n=1

G(Xm,Xn)fn �s + Utrans(Xm) + Urot(Xm) (39)

for m = 1, · · · , N . This gives the forces fn as well as U and �.
By construction the model results in transitional and angular velocities along the vertical axis, i.e., U = (0, 0, V T ) and 

� = (0, 0, �3). We define the rotational velocity of the helical tube as V⊥ = r0�3 and use the data listed in Table 1 which 
are the ones used in [35]. For comparison, as in [35], we also perform simulations using the free-space regularized Stokeslets 
(no images) but including the sphere discretized with Ns points, so that in this case the total number of forces is the sum 
of the sphere points and the helical flagellar points.

In Fig. 8 we report the computed normalized values of the translational and rotational velocities of the organism. The 
values using the method of images nearly coincides with the values obtained by discretizing the sphere along with the 
flagellum for a wide range of sphere radii (at rs/λ = 0.4775 the sphere surface would touch the tube surface). The results 
indicate that the rotational velocity about the z-axis is largest when there is no sphere and decreases as the sphere radius 
increases while the translation velocity increases with sphere radius. The method of images has the advantage that the 
linear system to solve for the forces is always the same size regardless of the sphere radius. On the other hand, discretizing 
the sphere together with the flagellum increases the size of the linear system as shown in Table 1 leading to a longer 
computational time once the sphere is large enough (rs/λ ≈ 0.2) as shown in Fig. 9.
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Fig. 8. (a) Normalized rotational velocities (V⊥/ωs) and (b) normalized translational velocities (V T /ωs) both versus normalized spherical radius (rs/λ). The 
solid curve with square markers corresponds to computations with a discretized sphere surface and using the free-space regularized Stokeslets. The dashed 
curve with diamond markers corresponds to computations with the sphere images.

Table 1
Parameters used in the dinoflagellate simulations using the method of images and using a discretized sphere.

Helical tube discretization r0 = 0.5, R = 0.09, rh = 0.035 and np = 4
119 × 6 distinct patches, �s ≈ 0.0325

Sphere radius
rs = 0,0.0298,0.0596,0.0894,0.1192,0.1490,0.1788,

0.2085,0.2383,0.2681,0.2979,0.3277,0.3575

With discretized sphere With images

Sphere discretization Ns = 0,13,50,113,200,313,450,

613,800,1013,1250,1512,1800
Ns = 0

Regularization parameter ε = 0.019 ε = 0.019

Linear system size M = 2148,2187,2298,2487,2748,3087,3498,

3987,4548,5187,5898,6684,7548
M = 2148

Fig. 9. Times for the computation of the dinoflagellate’s rotational and translational velocities using the method of images (dashed) and when the sphere 
surface is discretized (solid). The computations were done on a single processor desktop.

Without the computational burden of having to discretize a sphere surface, we compute the flow around a more complex 
scenario of a helical tube with np = 13 pitches as shown in Fig. 7b. In this case we set �s ≈ 0.01 by discretizing the tube 
with 572 cross-sections with 12 points each. The geometrical parameters were set to r0 = 0.5, rh = 0.0175, and R = 0.045. 
Fig. 10 shows the flow pattern surrounding the organism for two different sphere sizes, a large one with rs = r0 − R −
1.5rh that leaves a gap of 0.5rh between the sphere and the tube, and a small sphere with rs = 0.5(r0 − R − 1.5rh). The 
regularization parameter was set to ε = 1.4�s. This was based on testing for fluid motion across the tube surface. If ε is too 
small relative to �s, there can be flow across the tube surface between mesh nodes. We chose ε as small as possible so that 
the flow across the surface is always less than about 2% of the flagellum speed. This threshold can be reduced with finer 
discretizations. Fig. 10 shows two different perspectives for each case. The helical wave along the closed flagellum generates 
a ring of rotation around the sphere with a propulsive motion upward. The larger sphere almost plugs the region inside 
the flagellum, leaving little room for fluid to move between them. The smaller sphere clearly allows more flow between the 
sphere and the helical tube.

We investigate the effect of the size of the cell body on the velocities by considering two cases: a large sphere and 
no sphere at all. Fig. 11b shows the normalized translational velocities for the cases of no cell body and large cell body 
(rs = r − R − 1.5rh) as a function of the number of pitches along the tube. The translational velocity increases with the 
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Fig. 10. Flow patterns surrounding the organism projected onto horizontal and vertical planes for spheres of radius (a, b) rs = r0 − R − 1.5rh , and (c, d) rs =
0.5(r0 − R − 1.5rh), respectively. The parameters used were r0 = 0.5, tubular radius rh = 0.0175, np = 13, helix amplitude of R = 0.045 with nh = 12 points 
at each of nc = 572 cross-sections. The traveling wave frequency was γ = 2π .

number of pitches. The comparison clearly shows that for any number of pitches on the tube the organism translates faster 
with a cell body present. Fig. 11a shows the normalized rotational velocity as a function of the number of pitches for the 
case when there is no cell body and when the cell body is largest. Interestingly, the direction of rotation changes when 
the number of pitches increases. Zero pitches produces no rotation since it corresponds to a horizontal circular ring. As the 
number of pitches increases, the rotational speed is negative, giving a rotation that is opposite to that of the propagating 
wave. The rotational speed then reaches a minimum that depends on the size of the sphere, and begins to grow until it 
becomes positive once the number of pitches is larger than about 22–24. The magnitude of the rotational velocity is smaller 
for the case of a large sphere. Spheres of other sizes follow similar trends (not shown).

3.5. Example 5: peristaltic pumping

This example is motivated by physiological systems where rhythmic muscular contractions of a tube cause fluid trans-
port [38,1,39,40]. Here we consider a flexible axisymmetric tube of finite length whose cross-sectional radius is given by
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Fig. 11. Plots of (a) normalized rotational velocity V⊥/ωs , (b) normalized translational velocity V T /ωs vs. the number of pitches np , for no cell body (rs = 0) 
and the maximum cell body size (rmax = r − R − 1.5rh ), respectively.

Table 2
Peristaltic tube parameters.

Parameter Symbol Value

Tube length L = 2λ π/3
Wavelength λ π/6
Tube radius r0 0.125
Amplitude R 0.025
Frequency γ 2π
Sphere radius a 0.05
Sphere center (xc , yc , zc) (L/2,−0.045,0)

r(s, t) = r0 + R sin

(
2π s

λ
− γ t

)
, (40)

where r0 is the unperturbed tube radius, R is the peristaltic wave amplitude, λ is the wavelength, and γ is the temporal 
frequency. That leads to the parametric surface representation

X(s, θ, t) =

⎧⎪⎪⎨
⎪⎪⎩

X(s, θ, t) = s,

Y (s, θ, t) = r(s, t) cos θ,

Z(s, θ, t) = r(s, t) sin θ,

(41)

where 0 ≤ s ≤ L and 0 ≤ θ ≤ 2π . As in the previous example, the tube wall has prescribed velocity given by ud(s, θ, t) =
∂X(s, θ, t)/∂t .

As time evolves, the peristaltic wave, which moves from left to right when γ > 0, generates a net flow inside the tube. 
However, obstructions in the channel will perturb this flow so we consider a stationary sphere inside the tube and compute 
the flow using the image system for the sphere. In this example we discretize the tube wall with N points where the 
unknown forces are located. We find the forces by imposing the velocity at the wall and solving the linear system

ud(Xm, t) = 1

μ

N∑
n=1

G(Xm,Xn)fn rn�s�θ (42)

for 1 ≤ m ≤ N , where fn and rn are the force and the tube radius at Xn . Once the forces are determined, we use the right 
side of Eq. (42) with x in place of Xm to compute the fluid velocity at any point x.

We choose dimensionless tube parameters and wave kinematics in Table 2. The surface of the tube is discretized using a 
109 × 80 mesh, which leads to an approximately uniform mesh spacing of �s ≈ 0.01. The regularization parameter was set 
to ε = 1.5�s based on testing for fluid motion across the tube wall as before. Fig. 12a shows the geometry of this tube at 
t = 0.25, the velocity field and streamlines generated on a plane through the tube axis when the tube is free of obstacles. 
The flow is characterized by regions of large radius where the flow is from left to right and smaller regions where the tube 
is narrow and the flow is from right to left. The velocity field shows rotations in the rx-plane generated by sections of the 
tube wall narrowing down while other cross-sections expand. Figs. 12b–d show the flow within the tube in the presence of 
a fixed spherical obstacle. The sphere is always placed halfway between the inlet and the outlet and 0.045 units off the tube 
axis. The figures show the disturbance in the flow created by the stationary sphere, including the loss of axial symmetry. 
The tube is at the same phase in Figs. 12a–b. Fig. 12b shows the sphere at the narrowest part of the tube and disrupting the 
flow in nearly half the channel. The velocity field between the sphere and the tube wall must transition quickly from zero 
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Fig. 12. Velocity field and streamlines inside a peristaltic tube with parameters shown in Table 2 (a) without obstacle at time t = 0.25, (b)–(d) around 
a spherical particle of radius a = 0.05 with the center located off the longitudinal axis of the tube by 0.045 and phases t = 0.25, t = 0.5 and t = 0.75, 
respectively.

at the sphere surface to the prescribed value at the wall. Figs. 12c–d show the cases corresponding to t = 0.5 and t = 0.75, 
respectively. The vector fields have been scaled the same way in all figures to appreciate changes in velocity magnitude due 
to the presence of the sphere. In particular, Fig. 12d suggests that the peristalsis produces a smaller (left-to-right) volume 
flow rate at a cross-section through the sphere center compared to the wide section of the tube in Fig. 12a. This also affects 
the velocity field in the narrow sections of the tube.

The use of regularized images eliminates the need to discretize the surface of the spherical object. If we did discretize 
the sphere so that surface nodes, like tube nodes, were separated by �s ≈ 0.01, this would have resulted in approximately 
314 additional nodes. Here the computational savings achieved using the images is more modest than the previous two 
examples, with a reduction in size of the linear system from 27102 × 27102 down to 26160 × 26160.

4. Discussion and conclusion

The system of images for regularized Stokeslets for flows outside a solid sphere has been derived. Given a regularized 
Stokeslet in the fluid domain, the images cancel the flow analytically at the surface of a sphere for any value of the regu-
larization parameter ε . This extends previous results on singular spherical images since those expressions can be obtained 
from the regularized images in the limit ε → 0. The strength of the regularized image system formulation is in the sim-
ulation of flows generated by point forces or forces distributed along filaments in three dimensions since those cases are 
too singular without some type of regularization. The derivation follows an approach similar to that in [11] and contains 
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the same image elements (Stokeslets, doublets, dipoles and rotlets) inside the sphere although the coefficients are generally 
dependent on ε .

Five examples of applications with different features were presented. The first one is a simple validation example that 
shows the flow generated by three regularized point forces near a sphere and a comparison of the flow generated by the 
same forces but in the absence of the sphere. The second example includes thousands of forces that arise from an elastic 
network of springs surrounding a sphere. The network deforms due to an external force and all forces become active as 
the network links (springs with dashpots) deform. In these first two examples, forces are specified and velocities at nodes 
or other spatial locations may be directly computed using the regularized image system. In contrast, if images were not 
used and the sphere was discretized with nodes, a linear system would need to be solved to find the forces at the sphere 
nodes that would result in zero velocities at these nodes, greatly increasing the computational cost of the problem. The 
following two examples were models of self-propelled microorganisms. A sphere with an attached helical flagellum may 
represent a bacterium that moves by rotating the flagellum like a corkscrew. In this case, the flagellum velocity relative to 
a fixed sphere is prescribed; however, the entire organism can also experience rigid-body motion. The flagellum forces and 
the rigid-body motion are computed by enforcing zero net force and zero net torque. Since the flow is smooth everywhere 
and the velocity is related linearly with the force, the image Stokeslet expression can be inverted to determine forces that 
would produce prescribed flows at some locations. Once the forces are found, the fluid motion around it can be computed 
directly. We used this example as validation since that motion was studied extensively by Higdon [14,15]. Our results for 
average swimming speed and power consumption compare well with those reported by Higdon. The dinoflagellate example 
is similar, however, the geometry is different and the flagellum is represented by a tube instead of a curve. The advantage of 
using images is clear in Fig. 9, which compares the computational time to the alternative method of discretizing the sphere 
surface. The image system is always the same size and only requires changing the parameter that represents the sphere 
radius. Discretizing the sphere becomes more expensive beyond a certain radius. The final example shows a peristaltic tube 
with a fixed spherical obstruction inside. We expect that a modification of the linear system for the forces can be used to 
track a moving spherical particle in the tube. This is left as future work.
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Appendix A. Simplification of integrals

We consider

Km,n =
1∫

0

sn

Q m
ds, Jm,n =

1∫
0

q + (1 − s)|y|
Q m

snds

where Q (s)2 = p2 + t2 + ε2 + (q + (1 − s)|y|)2. Define R2 = p2 + t2 + ε2 + q2. Then one can derive the following identities 
(for n ≥ 1 and m ≥ 3)

Jm,0 = 1

|y|(m − 2)

[
1

Rm−2
− 1

(R2 + (q + |y|)2 − q2)m/2−1

]
(A.1)

Km,1 = −1

|y|2(m − 2)

[
1

Rm−2
− 1

(R2 + (q + |y|)2 − q2)m/2−1

]
+ q + |y|

|y| Km,0 (A.2)

Jm,n = − 1

|y|
[

n

(m − 2)
Km−2,n−1 − 1

(m − 2)

1

Rm−2

]
(A.3)

Km,n = − 1

|y| Jm,n−1 + q + |y|
|y| Km,n−1 (A.4)

Km,n+1 = 1

|y|2
(

n

m − 2

)
Km−2,n−1 − 1

|y|2
1

(m − 2)

1

Rm−2
+ q + |y|

|y| Km,n (A.5)

Using Jm,n and Km,n we can write

I S = ρ|y|2e⊥
j (K1,1 + (p2 + ε2)K3,1) + ρ|y|2 pe j J3,1 + ρ|y|2 pte⊥⊥

j K3,1

I D = ρ|y|2e⊥
j (−2 K3,1 + 32(p2 + ε2)K5,1 + |y|2 K3,3 − 3|y|2(p2 + ε2)K5,3)

+ 3ρ|y|2 pe j(
2 J5,1 − |y|2 J5,3) + 3ρ|y|2 pte⊥⊥

j

(
2 K5,1 − |y|2 K5,3

)

I R = 2ρ|y|3e⊥ J3,2 − 2ρ|y|3 pe j K3,2
j
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Substituting the values of Jm,n below

J3,1 = − 1

|y|
[

K1,0 − 1

R

]

J5,1 = − 1

|y|
[

1

3
K3,0 − 1

3

1

R3

]

J5,3 = − 1

|y|
[

K3,2 − 1

3

1

R3

]

J3,2 = − 1

|y|
[

2K1,1 − 1

R

]

gives

I S = ρ|y|2e⊥
j (K1,1 + (p2 + ε2)K3,1) − ρ|y|pe j

[
K1,0 − 1

R

]
+ ρ|y|2 pte⊥⊥

j K3,1

I D = ρ|y|2e⊥
j (−2 K3,1 + 32(p2 + ε2)K5,1 + |y|2 K3,3 − 3|y|2(p2 + ε2)K5,3)

− 3ρ|y|pe j

(
2

[
1

3
K3,0 − 1

3R3

]
− |y|2

[
K3,2 − 1

3R3

])
+ 3ρ|y|2 pte⊥⊥

j

(
2 K5,1 − |y|2 K5,3

)

I R = −2ρ|y|2e⊥
j

(
2K1,1 − 1

R

)
− 2ρ|y|3 pe j K3,2

Using the fourth identity, we have (c = q + |y|, A2 = R2 + (q + |y|)2 − q2)

K1,1 = 1

|y|2 (R − A) + c

|y| K1,0

K3,1 = − 1

|y|2
(

1

R
− 1

A

)
+ c

|y| K3,0

K5,1 = − 1

3|y|2
(

1

R3
− 1

A3

)
+ c

|y| K5,0

K3,2 = 1

|y|2 K1,0 + c2

|y|2 K3,0 − (c + |y|)
|y|3

1

R
+ c

|y|3
1

A

K3,3 = 3c

|y|3 K1,0 + c3

|y|3 K3,0 + 2

|y|4 (R − A) − (c2 + c|y| + |y|2)
|y|4

1

R
+ c2

|y|4
1

A

K5,3 = c3

|y|3 K5,0 + c

|y|3 K3,0 − 2

3|y|4
(

1

R
− 1

A

)
− (c2 + c|y| + |y|2)

3|y|4
1

R3
+ c2

3|y|4
1

A3

K5,2 = 1

3|y|2 K3,0 + c2

|y|2 K5,0 − (c + |y|)
3|y|3

1

R3
+ c

3|y|3
1

A3

so

I S = ρe⊥
j

([
R − A + c|y|K1,0

] + (p2 + ε2)

[
1

A
− 1

R
+ c|y|K3,0

])

− ρ|y|pe j

[
K1,0 − 1

R

]
+ ρ|y|2 pte⊥⊥

j

[
c

|y| K3,0 − 1

|y|2
(

1

R
− 1

A

)]

I D = ρe⊥
j

(
−2

[
1

A
− 1

R
+ |y|cK3,0

]
+ 2(p2 + ε2)

[
1

A3
− 1

R3
+ 3c|y|K5,0

]

+
[

3c|y|K1,0 + c3|y|K3,0 + 2(R − A) − (c2 + c|y| + |y|2) 1

R
+ c2 1

A

]

− (p2 + ε2)

[
3c3|y|K5,0 + 3c|y|K3,0 − 2

(
1

R
− 1

A

)
− (c2 + c|y| + |y|2) 1

R3
+ c2 1

A3

])

− 3ρ|y|pe j

(
2

[
1

3
K3,0 − 1

3R3

]
−

[
K1,0 + c2 K3,0 − (c + |y|)

|y|
1

R
+ c

|y|
1

A
− |y|2

3R3

])

+ 3ρ|y|2 pte⊥⊥
j

(
2

[
− 1

3|y|2
(

1

R3
− 1

A3

)
+ c

|y| K5,0

]

− |y|2
[

c3

3
K5,0 + c

3
K3,0 − 2

4

(
1 − 1

)
− (c2 + c|y| + |y|2)

4

1
3

+ c2

4

1
3

])

|y| |y| 3|y| R A 3|y| R 3|y| A
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I R = −2ρe⊥
j

(
2
[
(R − A) + c|y|K1,0

] − |y|2
R

)

− 2ρ|y|pe j

([
K1,0 + c2 K3,0 − (c + |y|)

|y|
1

R
+ c

|y|
1

A

])

Note that the coefficients of K1,0 are

e⊥
j |y|c [ρ + 3ρ − 4ρ] + e j p|y| [−ρ + 3ρ − 2ρ]

and since K1,0 contains a log(R), the coefficient must be set to zero. This gives ρ1 = 2ρ , ρ = ρ and ρ = ρ . Then I S + I D + I R
at a general point x is

ρe⊥
j

[
A − R + (c2 − p2 − ε2 − 2)

1

A
− (c2 + c|y| − p2 − ε2 − 2 − |y|2) 1

R

+ (p2 + ε2)(2 − c2)
1

A3
− (p2 + ε2)(2 − c2 − c|y| − |y|2) 1

R3

+ c|y|(c2 − 2p2 − 2ε2 − 2)K3,0 + 3c|y|(p2 + ε2)(2 − c2)K5,0

]

+ ρpe j

[ |y|(2 − |y|2)
R3

+ |y|(c2 − 2)K3,0 − c

R
+ c

A

]

+ ρpte⊥⊥
j

[
3c|y|(2 − c2)K5,0 − 2c|y|K3,0 + 1

R
− 1

A
+ (c2 + c|y| + |y|2 − 2)

1

R3
+ (2 − c2)

1

A3

]

On the sphere surface, this simplifies to

ρe⊥
j

[
− R

2
+ (a2 + ε2 + |y|2) 1

R
− 1

2

(
(a2 + ε2 − |y|2)2 + 4t2|y|2

) 1

R3

]

+ ρ|y|pe j

[
− 1

R
+ (a2 + ε2 − |y|2) 1

R3

]
+ 2ρpt|y|2e⊥⊥

j
1

R3
(A.6)

after using 2 = a2 + ε2, A2 = R2 + c2 − q2, p2 = R2 − q2 − t2 − ε2, q = c − |y|, c = |y| +α − R2β , α = (a2 + ε2 − |y|2)/(2|y|)
and β = 1/(2|y|), and

K3,0 = q + |y|
(p2 + t2 + ε2)|y|A

− q

(p2 + t2 + ε2)|y|R
K5,0 = (q + |y|)(3p2 + 3t2 + 3ε2 + 2(q + |y|)2)

3(p2 + t2 + ε2)2|y|A3
− q(3p2 + 3t2 + 3ε2 + 2q2)

3(p2 + t2 + ε2)2|y|R3

Appendix B. Velocities due to translation and rotation of a sphere

Consider a sphere of radius a centered at the origin. A uniform translation with velocity U can be achieved by placing a 
Stokeslet and a dipole at the center of the sphere, where the dipole strength is proportional to the Stokeslet strength

u(x) = f0 H1(r) + (f0 · x)xH2(r) + mf0 D1(r) + m(f0 · x)xD2(r).

The regularizing functions are [19]

H1(r) = r2 + 2ε2

8π(r2 + ε2)3/2
, H2(r) = 1

8π(r2 + ε2)3/2
, D1(r) = −r2 + 2ε2

8π(r2 + ε2)5/2
, D2(r) = 3

8π(r2 + ε2)5/2
.

When x is on the surface of the sphere, we get

U = f0(H1(a) + mD1(a)) + (H2(a) + mD2(a)) (f0 · x)x,

so that to cancel the last term we choose m = −H2(a)/D2(a) = (a2 + ε2)/3, and

f0 =
(

D2(a)

H1(a)D2(a) − H2(a)D1(a)

)
U = 6π

√
a2 + ε2 U (B.1)

so that the velocity at any point outside the sphere is

Utrans(x) =
(

H1(r)D2(a) − H2(a)D1(r)
)

U + (U · x)x
(

H2(r)D2(a) − H2(a)D2(r)
)

. (B.2)

H1(a)D2(a) − H2(a)D1(a) H1(a)D2(a) − H2(a)D1(a)
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An uniform rotational velocity � can be achieved by placing a rotlet at the center of the sphere

u(x) = L × ∇G = (L × x)
G ′(r)

r
with G(r) = − 1

4π(r2 + ε2)1/2
,

where G is the regularized Green’s function. We define the rotlet strength

L = a�/G ′(a) = 4π(a2 + ε2)3/2 � (B.3)

so that the rotational velocity due to the rotlet is

Urot(x) = (� × x)
aG ′(r)
rG ′(a)

, (B.4)

which reduces to u(x) = � × x when x is on the surface. Velocities due to translation and rotation of a solid sphere given 
in Eq. (B.2) and Eq. (B.4) are written in terms of regularized functions, but the result is consistent with that for singular 
elements in [7], when ε → 0. The formula in Eq. (B.1) gives the regularized version of the Stokes drag law for a solid sphere 
translated with velocity U and in the limit of ε → 0 it approaches the well known quantity 6πμaU. Similarly, the moment 
exerted by a rotlet of strength L on the surface of enclosing sphere is 2L (equations (8)–(9) in [41]) and for regularization 
parameter ε → 0 that leads to the well known torque on the sphere 8πμa3�.

Appendix C. The rotation of the references frame

The rotation about the centerline of a point Xh on the tube surface is in the direction of

θ̂ = Xh − Xc

rh
× T = (N sin θ + B cos θ) × T = (N × T) sin θ + (B × T) cos θ

Recall that N = B × T. Then N × T = −B so that

θ̂ = −B sin θ + N cos θ

To determine the rotation of the coordinates about the centerline, we compute the projection of the last term in velocity 
onto θ̂ :

rh(Ṅ sin θ + Ḃ cos θ) · θ̂
which should be independent of θ . Expanding, we get

= rh
(
Ṅ sin θ + Ḃ cos θ

) · (−B sin θ + N cos θ)

= rh

[
(Ḃ · N) cos2 θ − (Ṅ · B) sin2 θ + (Ṅ · N − Ḃ · B) sin θ cos θ

]

For unit vectors it is the case that Ṅ · N = Ḃ · B = 0, so we have the rotation

rh

[
(Ḃ · N) cos2 θ − (Ṅ · B) sin2 θ

]

= rh

[
(Ḃ · N) − (Ḃ · N + Ṅ · B) sin2 θ

]

One can prove that Ḃ · N + Ṅ · B = 0 as follows: Let Ṅ = NtT + NbB and Ḃ = Bt T + BnN. Since B = T × N and T = N × B, we 
have that B = (N × B) × N. Differentiating

Ḃ = (Ṅ × B) × N + (N × Ḃ) × N + (N × B) × Ṅ

= ([NtT + NbB] × B) × N + (N × [BtT + BnN]) × N + T × [NtT + NbB]
= Nt(T × B) × N + Bt(N × T) × N + Nb(T × B)

= 0 + BtT − NbN

which shows that Bn = −Nb , or Ḃ · N = −Ṅ · B. Therefore, we conclude that the rotation about the centerline is simply

rh(Ḃ · N)

which is nonzero for any coordinate system.
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