SOME TOPOLOGICAL GENERA AND JACOBI FORMS

TEWODROS AMDEBERHAN, MICHAEL GRIFFIN, AND KEN ONO

ABSTRACT. We revisit and elucidate the E—genus, Hirzebruch’s L-genus and Witten’s W-genus,
cobordism invariants of special classes of manifolds. After slight modification, involving Hecke’s
trick, we find that the E—genus and L-genus arise directly from Jacobi’s theta function. For every
k > 0, we obtain exact formulas for the quasimodular expressions of A\k and Ly as “traces” of
partition Eisenstein series
Ap(1) = Tri(d 73 7) and Li(1) = Tri(or;7),

which are easily converted to the original topological expressions. Surprisingly, Ramanujan
defined twists of the Ay, (7) in his “lost notebook” in his study of derivatives of theta functions,
decades before Borel and Hirzebruch rediscovered them in the context of spin manifolds. In
addition, we show that the nonholomorphic G3-completion of the characteristic series of the
Witten genus is the Jacobi theta function avatar of the A\—genus.

1. INTRODUCTION AND STATEMENT OF RESULTS
A sequence of polynomials f1, fo,... in the variables py, ps, ... is multiplicative if the identity
Lpit+pot’+ = (L+rt+rat® +.. )L+ st + st +...)
implies that

an(p1>p27"')tn: Zfa(rlar%"')ta Zfb(31782a"')tb
n=1 a=1 b=1

If Q(z) is a power series with constant term 1, then one gets such sequences from the infinite
product

(1.1) F(pi,pa,...it) = [ [ Qait) =1+ fit + fot® + ...,

=1

where py, is the kth elementary symmetric function (in the variables, 1, o, ...) defined by

Pr = E Ty Lig =+ * Ly,

11 <t <--<if

By work of Thom, this combinatorial framework applies to the study of homomorphisms of
cobordism rings of manifolds with prescribed structure. The idea is that a characteristic power
series ()(z) encodes invariants of oriented manifolds, with dimensions that are multiples of 4, via
its genus given by . Here the py represent the Pontryagin classes, the cohomology classes of
real vector bundles.
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We consider the number theoretic properties of some well-known examples (see these references

for background [I, 2]). We first consider the A-genus of spin manifolds discovered by Borel and
Hirzebruch [3| [I]. The first few values are

0= h A= o P 27 e ( 967680

This example is historically significant because of its role in the discovery of the Atiyah-Singer
index theorem (for example, see Hitchin’s expository article [4]). Atiyah and Singer discovered
and employed their index theorem to explain the mysterlous integrality of the values of the
A- genus. To compute these values, they implemented (1.1 with

—4ps + Tp7) Ay = (—16ps + 44p1ps — 31p7)

1\/5 z 722 3123
1.2 7(2) = == 1
(1.2) Q4(2) Sinh(Lv/2) 175760 " 967680 ©

Namely, the A values (in order) are the coefficients of the formal power series

Alpr,pa,-5t) = Y A" =[] Qalzit
=0 =1
(1.3) = 1—ip +L( 4py + TP + (—16ps3 + 44p1py — 31pH)t* +
' 247 T 5760 2 1 967680 3 1 !

We prove that E(pl, Pa, .. .;t) (and the other genera in this paper), after minor modification,
is essentially a Jacobi form (see Chapter 2 of [5] or [6]) on C x H. This connection opens the
door to new avenues of research, where the theory of modular forms can be brought to bear on
the number theoretic properties of these topological invariants that arise as Fourier coefficients.
Namely, it is natural to expect that this work will lead to new results about the asymptotic and
congruence properties of topological genera.

To make this connection precise, we recall the celebrated Jacobi theta function (see [7, [6])

T) = Z u'q"

nez
where u := €?™* and ¢ := €?™". This function is a Jacobi form for SLy(Z) of weight 1/2 and index
1/2. We work instead with a slightly modified version of this function. Readers familiar with [§]
should be aware that é(z, 7) here is slightly different from the one in that paper. Namely, in
terms of Dedekind’s eta-function n(7) := q2i [1>2,(1—¢"), it will be convenient for us to employ

(1.4) O(z7) = exp (W z >u

2 (1)

. .0(z+§+%;7')
n(r)?
We transform the E—genus, as described above, into the function

(1.5) AX )5ty = [ Qalat),

z€X-(3)

=
ool

where &(7) > 0 and s € R, and

1
1. X, (s):= : ged(m,n) =1;.
(16) O = { e ¢ el =1

As a function on C x H, we have the following identity in terms of the Jacobi theta function.
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Theorem 1.1. We have that
lim A\(XT(S>; (27iz)?) = 2miz - é(z, )L

s—0t
The infinite product in ([1.5]) is taken over relatively prime pairs of integers (m, n) instead of i =
1,2,..., as in ((1.1). This modification does not lose any information. In fact, this reformulation

will allow us to compute the values of the A\—genus (and also L-genus) as quasimodular forms (see

Theorem . Moreover, it is straightforward to reconstruct the original A-genus expressions
(and also L-genus) using elementary properties of symmetric functions. The example after
Theorem 1.4 illustrates this combinatorial and number theoretic procedure. Finally, we note that
the dependence on s > 0 in the index set X, (s) is required, as we view these series as analytic
functions, and the introduction of s guarantees convergence.

We also consider Hirzebruch’s L-genus [1], which is the case of closed smooth oriented manifolds.
The first few values are

1 1 1
Lo=1, L=< L 7 1), Ly=—(62p3 — 13 2p}
0 , La 3291, 2= 15 ( D2 — Pl) ; 3= 915 ( D3 D1P2 + Pl) ;
In terms of the characteristic power series
Vz z 22 228
1.7 =—=14- - — — ..
(1.7) Q)= rmE s T s

the infinite product ([1.1)) gives the generating function

L(py,p2,...;t) = ZLntn:HQL(xit>
n=0 i

1 1
1.8 = 1 t 7 D2+ ——(62p3 — 13 20t 4+
(1.8) +an +45(p2 POE A+ 55 (620 — 13pips + 207)1° +
We prove that L(py,ps, .. .;t), after minor modification, is also essentially a Jacobi form. As

in the case of the A-genus, we transform the L-genus into the function
(1.9) L(X-(s);t) == ][] Qulat).
z€X(s)

As a function on C x H, we have the following identity.

Theorem 1.2. We have that

B LX) = iz ST

Theorems and . connect the A- genus and L-genus to the theory of elliptic modular forms.
As a Corollary to Theorem |1.1| we relate the A- genus to the characteristic series of the Witten
genus for compact oriented smooth spin manifolds with vanishing first Pontryagin class, that
naturally arises from modularity. To make this precise, for integers £ > 1 and (7) > 0, the
weight 2k Eisenstein series (see Ch. 1 of [9]) is

. Boy n (2k —1)! 1
(110> G2k(7_) = _% +2;02k_1(n)q = W Z m’

wWELPZLT
w#0
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where By is the 2k-th Bernoulli number and o, (n) := 3, d”. The first examples are

G2(T)=—E+2201(n)(1"7 Ga(7) 120+ 203 , Ge(T) = — 252+ 205

Apart from Gy, each Gy is a weight 2k holomorphic modular form on SLy(Z), and the quasi-
modular forms are the g-series in the polynomial ring (for example, see [0])

(C[GQ; G47 GG] = (C[GQa G4a G67 G87 G107 s ]

The modular Eisenstein series G4, G, ... are compiled to form the Witten genus [10] (also see
[T1]) via its characteristic series

(1.11) Qw(2) = exp (Z G%(T(;(:)Tiz) ) |

k>2

This identity implies that the Witten genus of a 4k dimensional compact oriented smooth spin
manifold, with vanishing first Pontryagin class, is a weight 2k modular form with integral Fourier
coefficients. It is natural to ask about the topological significance of the function that one obtains
by including G5 in this characteristic series. It turns out that one obtains the Jacobi theta
function avatar of the A\—genus.

Corollary 1.3. We have that

lim A(X,(s): (2miz)?) = exp ((27riz)2 : GZ—(T)> - Qw(2),

s—0t 2

where G5(T) 1= @ + G(T) is the nonholomorphic weight 2 modular Eisenstein series.

As a _consequence of both Theorems [I.1] and [1.2] we obtain quasimodular representations
of the A- genus and L-genus. We now turn to the problem of converting these quasimodular
forms into the original topological expressions. To make this precise, we make the important
observation that these forms are given as traces of “partition Eisenstein series,” which are studied
n [8, 12, 13]. To define them, recall that a partition of a non-negative integer k (see [14] for
background on partitions) is any nonincreasing sequence of positive integers

)\:(Al,)\g,...,AS)

that sum to k, denoted A - k. Equivalently, we let A = (1™,... k™) - k, where m; is the
multiplicity of j. Furthermore, the length of A is £(\) := my + - - - + my. For a partition A\, we
define the weight 2k partition Fisenstein series

(1.12) A= (1m0 2m2 KTk — GA(T) := Go(T)™Ga(T)™ -+ - Gog(T)™*

In particular, the Eisenstein series Gox(7) corresponds to the partition A = (k). The G should
not be mistaken for the partition Eisenstein series of Just and Schneider [15].
If ¢ : P+ C is a function on partitions, then for k > 1 we define the partition Fisenstein trace

(1.13) Tre(o;7) = Zgzﬁ VGA(T
Ak

which is a weight 2k quasimodular form. By convention, for £k = 0, we let Tro(¢;7) := 1.
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We give quasimodular representations of the A- genera and L- genera as partition Eisenstein
traces. To this end, we first note that A(py,pa,...;t) and L(py,po,...;t) are of the form

F(p1,p2,...;t) =1 —i—Zbk(F;pl,pg,...)tk,
k=1

where each by (F'; p1, pe,...) is a homogeneous polynomial of weighted degree k. In other words,

each monomial p"'py™ ... p,"* has weight k = my + 2mgy + - - - + kmy,. This provides the unique
representation

bk(F;p17p27 e ) :gk(F7 51,82, ... )7

where the s; := x{ +x§+. -, are the jth power sum symmetric functions. Clearly, as a polynomial
in s, 89,...,Sk, we have that by(F'; sy, S, ...) is also homogeneous of weighted degree k. We
simplify notation by associating partitions with monomials, where
(1.14) Sy =88y s,
with A = (1™, 2m2 . k™) b k. Therefore, we have a decomposition
be(F'sp1,p2, - - ) :gk(FQ S1,82,...) = ZBFO‘)
Ak

To each by (F;p1,pe, ... ), we associate the weight 2k partition Eisenstein trace

(1.15) Fi(r) =Y Br(\)

Ak

where we modify the coefficients Sz(A) with a Bernoulli product as follows
k 25 \™
(1.16) 500 =) TT (o)

o1 \ B2

By letting F' = E(pl,pQ, ...;t) (resp. F'= L(p1,p2,...;t)), we obtain .,Zl\k(r) (resp. Lx(7)), the
weight 2k quasimodular avatars of Ay (resp. Ly). To make this explicit, we define the functions

(117) 650 = f[i (o)

Jj=1

k J(Ad —
(118) o = Tl (2 ),2))

J

The following theorem gives the exact quasimodular expressions for these genera.

Theorem 1.4. If k is a positive integer, then as Fourier series we have

Ai(r) = Tri(¢3:7),
Lp(1) = Trp(op; 7).

FExample. 1t is straightforward to derive the Ak and Ly (see and . ) using Theorem |1
One transforms the quasimodular traces Try(¢ 4;7) and Trk(gzﬁL, 7) into expressions in the power
sum symmetric functions, and then, in turn, into expressions in the elementary symmetric
functions. In view of (1.16)), in the first step one replaces each Ga;(7) with Byjs; /2.
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For As and A,, Theorem gives
As(r) = Trs(¢3:7) = é(—GG + 15GL,Gy — 15G3),
Ay(r) = Try(dg;7) = é(—Gg + 28G,Gs + 35G3 — 210G3Gy + 105G3).
After making the substitutions Ga; — Ba;s;/2j, we apply the Newton-Gerard identities

$1=Dp1, S2= p? —2ps, S3= p‘;’ — 3p1p2 + 3ps3, Sa = pil - 4]0%292 +4pips + 2173 — 4py,

and we obtain

(—16293 + 44dp1ps — 31p§'),

AS(p1>p27 . ) = 967680

As(pr,pa, ... ) = (—192p4 + 512p1ps + 208p2 — 904p2p, + 381p?).

464486400

To our surprise, it turns out that Ramanujan discovered the quasimodular representations
of the A-genus 100 years ago, decades before Borel and Hirzebruch resdiscovered them in the
context of spin manifolds. In his “lost notebook”, Ramanujan defined the g-series [16], p. 369]

n(n+1)
(119) Unlq) = 1261 32+l 4 2kt 72k+1q6_|_ ano(—l)”(2n+1)2k+lq7+
L= 3q+5¢> = 7¢° +- > so(—1)m(2n+ 1)g" 5
In terms of the renormalized Eisenstein series
2j 4j &
1.20 Es. =G =1—- = E - K
( ) 2](7') ng 2]( ) ng 2. 02 1(n)q )

Ramanujan found that
1 1
U=1, Uy=F,, U= g(5E§ —2E,), Us = 5(35E§ — 42F,F, + 16Eg), . . .

and he conjectured that every Uy, has such an expression. Two of the authors and Singh proved
(see Theorem 1.2 of [I3]) this claim, and offered formulas as traces of partition Eisenstein series.

To relate the le\k<’7') to Ramanujan’s Uy, viewed as g-series, we do not use the expressions in
Theorem (1). Instead, we use E-normalized traces of partition Eisenstein series

(1.21) Te)(657) = Y d(\)Ea(7
AFE

where E) is defined as in ((1.12), with the Eisenstein series Es; replacing the Gy;.
It turns out that the quasimodular Ay(7) are “partition twists” of the E-traces of the funct10n|z|

(1.22) H (BZJ ),>mj,

that give Ramanujan’s Uy series.

“For aesthetics, we slightly alter the function ¢y from [I3].
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Theorem 1.5. If k is a positive integer, then as Fourier series the following are true.

(1) We have that
Usi(q) = 45 (2k + 1)1 T (¢pr; 7).
(2) We have that

-~

Ap(r) = (1% - T (|pu | 7).

Two Remarks. N

(1) As polynomials in E), the signs in A (7) are the same and are given by (—1)*.

(2) Theorem shows that Ramanujan’s Uy (¢q) and the A\k(T)—genus agree up to choices of sign
in the monomials and explicit scalar multiplier. In particular, the signs differ precisely for those
monomials that correspond to A - k& with an odd number of parts.

Example. Ramanujan’s Ug and the ﬁg—genus are

Us(q) = 16Fs — 42FyE, + 35E3 —16FEs — 42E,Ey — 35E3
o= 9 2903040
The signs differ for the monomials Fg and E3, which correspond to the partitions A = (3) and

A= (1,1,1), the partitions of 3 with an odd number of parts.
Here we offer a few more examples

and  As(7) =

_ —16Es —42F3E, — 35E3

- B . 2B, +5E? ~
Alr) = =51 A7) = e As(r) = 2903040 ’
Aifr) = 144, + 320E, Fg + S4E? + 4202, + 1752

AT = 1393459200 ’

—T68F1g — 1584, By — T04E,Es — 17T60E3Eg — 924, E3 — 1540E3 E, — 385K
367873228800 '
This paper is organized as follows. In Section 2 we prove Theorems[I.I|and[I.2] and Corollary[I.3]
by making use of Weierstrass’ theory of elliptic functions and Jacobi forms. In Section 3, we

prove Theorem using Pdélya’s identity for cycle index polynomials for the symmetric group.
We also prove Theorem by combining these results with the earlier results from [13].

As () =
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2. PROOF OF THEOREMS [L.1] AND

Here we prove Theorems [I.1] and [I.2] using the theory of elliptic functions and Jacobi forms.
In the next subsection we recall the nuts and bolts that we require about these functions.
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2.1. Jacobi forms and elliptic functions. We first recall the definition of a Jacobi form.

Definition. A holomorphic function F'(z;7) on C x H is a Jacobi form for SLo(Z) of weight k
and index m if it satisfies the following conditions:
(1) For all v = (%) € SLy(Z), we have the modular transformation

b 2
F( L > = (CT—i—d)keXp(Qﬂ'i'

‘ mcz
ct+d er+d
(2) For all integers a, b, we have the elliptic transformation

F(z+ar+b;7) = exp ( — 2mim(a®t 4 2a2)) F(z; 7).

) Fn

ct +d

(3) The Fourier expansion of F(z;7) is given by

Fzr) =3 3 bnr)g',

n>0 r2<4mn
where b(n,r) are complex numbers and u := €2™.

As stated in the introduction, the theta function

O(z;7) = Z u'q"
nez

2miz 2miT

where v :=¢ and g :=e€ is a Jacobi form of weight 1/2 and index 1/2. For our purposes,
we require and then modify the function

(2.1) O(z:7) = (U2 —u 2 H (1— U(qln)_(lq;)Qu q")

This function is related to both the function é(z; 7) defined in || and 0(z; 7), as shown below.

Proposition 2.1. The following identities are true.
(1) In terms of 0(z:7) and Dededkind’s eta function n(t) := g2t 12, (1 —q"), we have that

1 0 +T+1
Olz4+=-4+=57).
9 T

n(r)?
O(z;7) = exp (g : %) O(z 7).

Remark. Combining the modular transformation properties of Dedekind’s eta-function n(7) (for
example, see Chapter 1.4 of [9]) with Proposition (1), we have that ©(z;7) is a Jacobi form
of weight —1 and index 1/2.

oo

O(z;7) = -uzq

(2) We have that

Proof of Proposition . Claim (1) follows as an easy application of the Jacobi Triple Product
formula (see Theorem 2.8 of [I4]), which allows us to write

_ (1 —wug™)(1 —utqg") 1 ami1 (2nan)?
(u1/2 —u 1/2> _ (—1)"u A e
I o

nel

1 1/2 1/8 T 1

The second claim follows immediately from (1) and (1.4). O



SOME TOPOLOGICAL GENERA AND JACOBI FORMS 9

To prove Theorems [I.1] and we require the Weierstrass o-function,

(2.2) o)== [] <1 _ Z-i) exp (w—) ,

U)GAT
F(w)>0 or w>0

where A, is the lattice A, = Z7 + Z. We have the following elementary proposition.

Proposition 2.2. We have that

1 T .
o(z;7) = —,eGQT()(sz)2 -O(z; 7).

Proof. The o-function has a g-series expansion (see Theorem 1.6.6.4 of [17]) given by

1 T . 1 _ n 1 _ -1, n
J(Z; 7_) — 2( ) (2miz)? (ul/Q . U_1/2) H ( u<ql )_( qn)2u q )
n>1

2mi
Thus o is also related to the modified theta function ©(z;7), defined by ({2.1)), as claimed. [

Finally, we will need a lemma giving a slightly nonstandard formula for the weight 2 nonholo-
morphic weight 2 Eisenstein series G%(7) := 1/47S(7) + Ga(7)

Lemma 2.3. We have that

1
27i li .
(2ri)°G ~ oo z_: mEn;Z k? - (mT + n)?|mr + n|*
- ged(m,n)=1

Proof. The standard application of “Hecke’s trick” (for example, see p. 84 of [3]), to force
convergence of the weight 2 Eisenstein series, gives the formula

(2ri)Gy(r) = lim 3 !

s—0+ (mT 4+ n)?|m7 + nl|s

m,ne

(m,n)#(0,0)
The expression in the limit factors as

1
Z (m7 +n)? |m7+n\ Z Z kE**s(mT 4+ n)?|m7 + n|*

m,ne”L = m,n€Z
(m,n)#(0,0) gcd(m n)=1
1
(2 +s) m;GZ (m7 +n)2|lm7 + n|*’
gcd(;n,n)zl

where in each term we have factored out k = ged(m,n), and ((s) is the Riemann zeta-function.
Similarly, we have that

1 1
Z Z k2 - (m7 + n)2|m7 + nls =<2 Z (m7 4+ n)?|m7 + nls

= m,ne’ mneZ
(m n);é(O 0) ged(m,n)=1

The lemma follows since ((s) is continuous at 2. [J
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2.2. Proof of Theorem [1.1l We first find the Weierstrass factorization of the characteristic

series (see (|1.2)))
Qz(r) = —Sinhf Nk

The function sin(x)/z has the well-known Weierstrass factorization

sin(x 1;[ ( . ) ‘

This gives the factorization for @ z(z) by applying the identity sinh(z) = sin(—ix).
Using this factorization, we have that

oL I (+1257)’

€eX.(s)
0 2,’2 o —1
- H H 1= L2
k=1zeX,(s)
it 2.0\ " 2.x 22z
:H H L— L2 eXp k2 + 2 :
k=1 z€X,(s)

The last step allows us to break the expression in two parts, which behave differently as s — 0%,
For the first piece, we may simply evaluate at s = 0 and use Proposition to obtain

I I (-5 )p )
I I () (o)

k=1zeX,(s)
K=1 (m,n)eZ2 /(21)
ged(m,n)=1

z
o(z7)
For the second piece, we use Lemma to obtain
52
) 7sli>%l+H H P (kQ- (mT+n)2|mT—|—n|5>

k=1 (m,n)eZ2 /(+1)
ged(m,n)=1

22
lim exp <

s—0t

= exp (%G;(T)(zmzf) :

Here the 1/2 appears since this expression is a sum over only a half-lattice, whereas this lemma
uses the sum over the full lattice.
Using Proposition and Proposition [2.1, we obtain the claimed expression
~ 2miz
lim A(X, (s); (27i2)%) = =
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2.3. Proof of Theorem [1.2] Following the proof of Theorem [I.1I] we first find the Weierstraas
factorization of the characteristic series (see (1.7)))
N

Qu(z) = tanh(y/z)

The function tan(z)/x has Weierstrass factorization
2
tan(v) | J P ( - 2k2>
= — - ,
v Hk:l (1 - m)
Using (|1.7), and the fact that tanh(z) = tan(—ix), we have that

Hk 1 ( %)

L(X(s). (miz))) =[] s
z€X-(s Hk 1 <1+ 22 )
B H Hk 1( o 2% T)Q

) IR (-%
T€X-(s) I 1( _k_2) xel);[ [T 1( _2)

Using the calculations from the previous subsection again, we find that

T (X (), (miz)?) = miz- %

2.4. Proof of Corollary The logarithmic derivative of the o-function (with respect to z)
has Taylor expansion

N | N’

l

O' _ Z ng 271'2 2%—1
o 2k —1)!

(see Prop. 1.5.1 of [I7], where we note a dlfference in notation with our Gy (7) bemg )Qk L Gar(AL)).
This gives us the exponential expansion of o as

o(z;7) =z -exp (— Z Cz;]i;) (27m'z)2k> :

k>2

Therefore, we find that the characteristic series of the Witten genus is (see ([1.11))) satisfies

Gop(T)(2miz) % z
Qw(z) = exp (Z k(()Z(k:)! ) >:a(z;r)'

k>2
Combining Theorem [1.1} Proposition [2.1] and Proposition [2.2] we obtain the claim.

3. PROOF OF THEOREMS [1.4] AND [L.5]

In thls section we prove Theorems [1.4] and [L.5], which express the quasimodular representations
of the A- genus and L-genus as traces of partition Eisenstein series. To obtain these results, we
make use of exponential generating functions that arose in the previous section. These generating
functions can be reformulated as traces of partition Eisenstein series using special identities
within the framework of Polya’s theory of cycle index polynomials.
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3.1. Polya’s cycle index polynomials. The structure of traces of partition Eisenstein series
arises from the classical theory of the symmetric group, and their connection to integer partitions.
Namely, the key tool is Pdlya’s theory of cycle index polynomials (for example, see [18]). Recall
that a partition A = (A1,...,Agny) F k or (1I™,..., k™) F k, labels a conjugacy class by
cycle type. Moreover, the number of permutations in &, of cycle type A is is k!/z\, where

zy = 1M kMgl omy ). The cycle index polynomz’al for the symmetric group &, is given by
1 200 =% Ll = X112 (2)”
>\|_k‘ j 1 Ak j= 1 !

We require the following generating function for these polynomials in k-aspect.

Lemma 3.1 (Example 5.2.10 of [18]). As a power series in y, the generating function for the
cycle index polynomials satisfies

ik
ZZ(@k)tk = exp (kZlek . E) )

FExample. Here are the first few examples of Pélya’s cycle index polynomials:

1 1
o (Il + x3), Z(63) = 30

3.2. Proof of Theorem [1.4. The characteristic series Q 3(2) (see (L.2)) has a well-known (see
[13, eq. (3.1)]) explicit exponential generating function

(3.2) Qg(z):Sm};/(_\//_z/2 —exp< Z B2;zy )

Z(Gl) = T, (62) (.l’:l)) + 31’11‘2 + 21’3)

which enables us, by ((1.1]), to obtain

R OO > —ngsktk
A(sy, 89,...;t) = HQg(xz‘t) = €Xp (Z (Qk)(gk;)l) :
i=1 k=1 '

Here we see the natural role of the power sum symmetric functions {s }.

To prove the theorem, we invoke Pélya’s formula in Lemma H with 2% = (55)2(’52? In this

way, we obtain

A(s1, 89, ;1) Ztkzl—[ ( BQJSJ)')m]

k>0 Ak j= E

NI || (%) ﬁ% (@)

k>0 Ak j=1

Under the identification By;s;/2j <— Go;, we have the desired expression as a trace of partition
Eisenstein series. Namely, we find that

Ap(7) = Trg(p 5;7).
Now we turn to the case of the L-genus, which has characteristic series (see (L.7)))

R
Qul®) = )
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On the other hand, one may recall the series exapansion (easily derived from that of tan z)

o0

cosh(y/2) = exp Z

j=1

Combining this with formula (3.2)) for @ ;(2), we get

4j(4j — ].)BQij
(27)(27)!

V2 Wz -~ — Y (4 = 2)By;2
T Ry R il PR T Ter

Arguing as above with (|1.1)) and Pélya’s Lemma mutatis mutandis, we obtain the claimed
conclusion

Li(1) = Trr(opp; 7).

3.3. Proof of Theorem [1.5| Claim (1) is a simple reformulation of Theorem 1.2 (1) of [13].
The reader merely needs to be aware of the different normalizations of the function ¢ .

The proof of claim (2) is a little more involved. Beginning with and Theorem we
apply the correspondence Gy; <— By;s;/2j as follows

A= 2o 5 () =S80 ()

Since Byj = (—1)?71 By;| (or —Byj = (—1)?|By;|) and Z?lemj = k, it follows that

A =SB B I (Gt) = (0 S8 ol = 0 T

| ] ]
Ak m;t \ (27)(2] Ak

This proves the desired expression in claim (2) as a twisted E-trace of partition Eisenstein series.
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