SOME TOPOLOGICAL GENERA AND JACOBI'S THETA FUNCTION

TEWODROS AMDEBERHAN, MICHAEL GRIFFIN, AND KEN ONO

ABSTRACT. We revisit the X—genus, Hirzebruch’s L-genus and Witten’s W-genus, cobordism
invariants of special classes of manifolds. After slight modification, we show that the g—genus
and L-genus arise directly from Jacobi’s theta function. As a consequence, we obtain explicit
quasimodular representations of their genera as “traces” of partition Eisenstein series. Surpris-
ingly, this work shows that Ramanujan discovered “twisted” quasimodular representations of
the /T—genera, in his study of derivatives of theta functions, decades before Borel and Hirze-
bruch rediscovered them in the context of spin manifolds. Furthermore, we prove that the
nonholomorphic G5-completion of the characteristic series of the Witten genus is the Jacobi
theta function avatar of the A\—genus.

1. INTRODUCTION AND STATEMENT OF RESULTS
A sequence of polynomials fi, f,... in the variables pq, ps, ... is multiplicative if the identity
L4pit+pot?+- =L 4+rt+rot> + .. ) (14 st +s9t> +...)
implies that

Z fn(p1>p2> s )tn = <Z fa(Tl, To,... )ta> (Z fb(Sl, S92, ... )tb> .
n=1 a=1 b=1

If Q(2) is a power series with constant term 1, then one gets such sequences from the infinite
product

(1.1) F(p1,pa,...;t) = HQ(.th) =1+ fit+ fot® +...,
i=1
where py is the kth elementary symmetric function (in the variables, 1, xs, ... ) defined by
D= Y T
11 <tg<--<ig

By work of Thom, this combinatorial framework applies to the study of homomorphisms
of cobordism rings of manifolds with prescribed structure. The idea is that a characteristic
power series Q(z) encodes invariants of oriented manifolds, with dimensions that are multiples
of 4, via its genus given by . Here the py represent the Pontryagin classes, the cohomology
classes of real vector bundles.

Wﬁ consider the number theoretic properties of some well-known examples. We first consider
the A-genus of spin manifolds discovered by Borel and Hirzebruch [5, [9]. The first few values
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are

Ag=1, Aj=—— Ay = —— Az =

o= Av= g A= 7~ 967680
This example is historically significant because of its role in the discovery of the Atiyah-Singer
index theorem (for example, see Hitchin’s expository article [§]). Atiyah and Singer discovered
and employed their index theorem to explain the mysterious integrality of the A-genera. To
compute these values, they implemented (|1.1)) with

l\/z z 722 3123
1.2 ) =—2—=1-— —
(1.2) @al) sinh(/2) 21 75760 ~ 967680

—4py + 7pf) , (—16p3 + 44p1py — 31p§’) e

Namely, the A values (in order) are the coefficients of the formal power series

Alpr,pa,...3t) = Z Atn = H Qz(wit)
n=0

=1

1 1 1
1.3 = 1— —pit + ——(=4ps + TP)t* + ———(—16p3 + 44p1py — 31p)t* + .. ..
(1.3) o1 + 5760( pa + Tpy)t” + 967680( P3 + 44p1D2 Pt +
We prove that E(pl, pa, ... ;t), after minor modification, is essentially a Jacobi form (see

Chapter 2 of [6] or [12]) on C x H. To make this precise, we recall the celebrated Jacobi theta

function (see [7, 12])
O(z;7) = Zu”q”zﬂ,
nez

where u := €?™ and ¢ := ¢*™". This function is a Jacobi form for SLy(Z) of weight 1/2 and
index 1/2. We work instead with a slightly modified version of this functionﬂ Namely, in terms
of Dedekind’s eta-function () := g1 I[=,(1 —q¢"), it will be convenient for us to employ

We transform the A\—genus, as described above, into the function

~

(1.5) AXA(s);t) == [ Qalat),

z€X(s)
where §(7) > 0 and s € RT, and

1
(m7 +n)?-|m7 +n|*

(1.6) X, (s) = { . ged(m,n) = 1}.

As a function on C x H, we have the following identity in terms of the Jacobi theta function.

Theorem 1.1. We have that
lim A(X,(s); (2miz)?) = 2miz - O(z 7).

s—0t

“Readers familiar with [I] should be aware that ©(z;7) here is slightly different from the one in that paper.
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Remark. The infinite product in is taken over relatively prime pairs of integers (m,n)
instead of = 1,2,..., as in . This modification does not lose any information. In fact, this
reformulation will allow us to compute A\—genera (and also L-genera) as quasimodular forms
(see Theorem |1.4)). Finally, we note that the dependence on s > 0 in the index set X, (s) is
required, as we view these series as analytic functions, and the introduction of s guarantees
convergence.

We also consider Hirzebruch’s L-genus [9], which is the case of closed smooth oriented
manifolds. The first few values are

1 1
Ly=1, L=~ L 7 Ly=— (62p; — 13 2p3
0 , La 3]91, 2= 15 ( D2 — ) 3= 915 ( D3 D12 + p1) ;
In terms of the characteristic power series
NE z 22 228
1.7 =—=14+-——4—— ...
(17) Gl = " T3 T B T on ’

the infinite product ([1.1)) gives the generating function

L(p1,p2,...;t) = ZLnthHQL(%t)
n=0

1 1
1.8 = 1 t 7 D+ ——(62ps — 13 2p7) + ..
(1.8) +3p1 +45( P2 — pi) ‘|‘945( D3 p1p2 + 2p7)t° +
We prove that L(pi,pe,...;t), after minor modification, is also essentially a Jacobi form. As

in the case of the A-genus,, we transform the L-genus into the function
(1.9) L(X,(s)t) = ][] Qul=t).
z€X,(s)

As a function on C x H, we have the following identitty.

Theorem 1.2. We have that

SE% L(X.(s); (miz)?) = iz - %

Theorems and connect the E—genus and L-genus to the theory of elliptic modular
forms. As a corollary to Theorem , we relate the A-genus to the characteristic series of the
Witten genus for compact oriented smooth spin manifolds with vanishing first Pontryagin class,
that naturally arises from modularity. To make this precise, for integers k£ > 1 and (7) > 0,
the weight 2k Eisenstein series (see Ch. 1 of [13]) is

| B% (2k — 1)! 1
(1.10) Gox(r) 1= +22"2k " = T 2
wewZi%ZT

where By is the 2k-th Bernoulli number and o,(n) := >~ d”. The first examples are

1
G2<7):_E+2201(“)qna Ga( 120—1‘2203 ", Ge(r) = 252+ 205
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Apart from Gj, each Ggi is a weight 2k holomorphic modular form on SLy(Z), and the
quasimodular forms are the g-series in the polynomial ring (for example, see [12])

C|Gq, Gy, Gg| = C[Ge, G4, Gg, Gs, Gyg, - . ..

The modular Eisenstein series G4, Gg, ... are compiled to form the Witten genus [17] (also
see [10]) via its characteristic series

(1.11) Qw(z) = exp <Z G%(T()Q(IS)TZZ) ) :

k>2

This identity implies that the Witten genus of a 4k dimensional compact oriented smooth
spin manifold, with vanishing first Pontryagin class, is a weight 2k modular form with integral
Fourier coefficients. It is natural to ask about the topological significance of the function that
one obtains by including G in this characteristic series. It turns out that one obtains the
Jacobi theta function avatar of the A-genus.

Corollary 1.3. We have that

*

lim A(X,(s); (2mi2)?) = exp ((2m’z)2 : G2—(T)) - Qw(2),

s—0+ 2

where G3(T) := ﬁ(ﬂ + Go(T) is the nonholomorphic weight 2 modular Eisenstein series.

As a consequence of both Theorems 1.1 and we obtain quasimodular representations of
the A-genera and L-genera. These forms are given as traces of “partition Eisenstein series,”
which are studied in [I} 2, B]. To define them, recall that a partition of a non-negative integer k
(see [4] for background on partitions) is any nonincreasing sequence of positive integers

A= (A1, A, A)

that sum to k, denoted A - k. Equivalently, we let A = (1™,..., k™) - k, where m; is the
multiplicity of j. Furthermore, the length of A is £(\) := my + - -+ + my. For a partition \, we
define the weight 2k partition Eisenstein seried)

(1.12) A= (1m2m2 KTk — GA(T) = Ga(T)™Gy(T)™ -+ - Gog (7)™

In particular, the Eisenstein series Go(7) corresponds to the partition A\ = (k).
If  : P+ Cis a function on partitions, then for £ > 1 we define the partition Fisenstein
trace

(1.13) Tre(d;7) == Y d(N)GA(T),

which is a weight 2k quasimodular form. By convention, for & = 0, we let Tro(¢;7) := 1.
We give quasimodular representations of the A-genera and L-genera as partition Eisenstein
traces. To this end, we first note that A(py, pe,...;t) and L(py, pa,...;t) are of the form

F(p1,p2,...;t) =1+ Zbk(F;pl,pg, CoOtE,
k=1

The G should not be mistaken for the partition Eisenstein series of Just and Schneider [11].



SOME TOPOLOGICAL GENERA AND JACOBI'S THETA FUNCTION 5

where each bgp(p1,pa, .. .; k) is a homogeneous polynomial of weighted degree k. In other words,
each monomial p{"'py? ... p,"* has weight k = my + 2mq + - - - + kmy,. This provides the unique
representation

bk(F;p17p27 e ) :gk(F7 51,82, .. ))

where the s; = 3:]1 + $§ + ..., are the jth power sum symmetric functions. Clearly, as a
polynomial in sy, g, ..., Sk, we have that by (F’; s, s2,...) is also homogeneous of weighted
degree k. We simplify notation by associating partitions with monomials, where
(1.14) Sy = sy"sy s,
with A = (1™,2™2 ... k™) b k. Therefore, we have a decomposition
be(Fsp1,p2, - - -) :Ek(ﬂ S1,82,...) = ZﬁFO‘) " SA
Ak

To each by(F;p1,pa, ... ), we associate the weight 2k partition Eisenstein trace

(1.15) Fi(r) = Br(N) - Gal7),

Ak
where we modify the coefficients Sr(A) with a Bernoulli product as follows

(1.16) B (V) = Br(N) H (é—J)m

By letting F' = E(pl,pg, ...;t) (resp. F'= L(p1,p2,...;t)), we obtain ./Zl\k(T) (resp. Lx(7)),
the weight 2k quasimodular avatars of Ay (resp. Lx). To make this explicit, we define the
functions

(1.17) 6:(\) = Hm%u((z_—jy)m

k (4 — M
(1.18) 6L\ = Hmlj! (4 %2],)!2)) |

The following theorem gives the exact quasimodular expressions for these genera.

Theorem 1.4. If k is a positive integer, then as Fourier series we have
Au(7) = Tri(o7:7),
Lp(7) = Tri(opp; 7).

Example. 1t is straightforward to derive the A, and Ly (see 1' and 1} using Theorem
One transforms the quasimodular traces Try(¢ 7;7) and Try(¢r; 7) into expressions in the power
sum symmetric functions, and then, in turn, into expressions in the elementary symmetric

functions. In view of (L.16]), in the first step one replaces each Go;(7) with Bs;s;/2j.
For A3 and A4, Theorem gives

- 1
As(1) = Trs(¢3;7) = — (—Ge + 15G2G4 — 15G3),

ol
. 1
Ay(7) = Try(p 33 7) = g(—G8 + 28GGe + 35G3 — 210G3Gy + 105G5).
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After making the substitutions G; — Bs;s;/2j, we apply the Newton-Gerard identities
S1=Dp1, S2=Di—2ps, S3=p; —3pip2+3ps, sS4 =Py — 4pips + Ap1ps + 2p3 — Ap,

and we obtain

As(p1,pa,...) = 96768()(_16p3 + 44p1p; — 31p}),
~ 1
As(pr,p2,-..) = m(—lwm + 512p1p3 + 208p5 — 904pips + 381p7).

To our surprise, it turns out that Ramanujan discovered the quasimodular representations
of the A-genus 100 years ago, decades before Borel and Hirzebruch resdiscovered them in the
context of spin manifolds. In his “lost notebook”, Ramanujan defined the g-series [14 p. 369]

n(n+1)
(119) Une(g) = 12K+ g2kl 4 52k 3 p2kelg6 B ano(—l)”@n + 1)2k+1q4 1+
. 2k - - n(n
L=3q 5S¢ =T Sazo(=1)(2n+ g5
In terms of the renormalized Eisenstein series
2j 4j &
1.20 FEs; = — . Gy =1- = - "
(1.20) 55 (T) By, 25 (T) Bs, ;U% 1(n)q",

Ramanujan found that
1 1
U=1, Uy=F,, U= g(5E§ —2E,), Us = 5(35E§ — 42F,F, + 16Eg), . . .

and he conjectured that every Uy has such an expression. Two of the authors and Singh proved
(see Theorem 1.2 of [3]) this claim, and offered formulas as traces of partition Eisenstein series.

To relate the ./Zl\k(T) to Ramanujan’s Uy, viewed as g-series, we do not use the expressions in
Theorem (1). Instead, we use E-normalized traces of partition Eisenstein series

(1.21) Tei™ (¢:7) == > () Ea(7).
A=k

where F) is defined as in ((1.12)), with the Eisenstein series Ey; replacing the Gs;.
It turns out that the quasimodular Ag(7) are “partition twists” of the E-traces of the
functiond

1 By; "
(1.22) ul) = Hmj! ((2j)(2j)!) ’

J=1

that give Ramanujan’s Uy, series.

Theorem 1.5. If k is a positive integer, then as Fourier series the following are true.
(1) We have that

Use(q) = 452k + 1)1 - Try (603 7).
(2) We have that
Ai(r) = (=1)F - T (|gu; 7).

“For aesthetics, we slightly alter the function ¢y from [3].
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Two Remarks. N
(1) As polynomials in E), the signs in A (7) are the same and are given by (—1).

(2) Theorem shows that Ramanujan’s Uy (q) and the .,Zl\k(r)—genus agree up to choices of
sign in the monomials and explicit scalar multiplier. In particular, the signs differ precisely for
those monomials that correspond to A F k with an odd number of parts.

FExrample. Ramanujan’s Us and the .%Tg-genus are
Us(q) = 16Es — 42E,E, + 35E3 —16FEs — 42E,Ey — 35E3
o= 9 2903040

The signs differ for the monomials Eg and Ej, which correspond to the partitions A = (3) and
A= (1,1,1), the partitions of 3 with an odd number of parts.
Here we offer a few more examples

and  As(7) =

- B 2B, +5E: ~ —16Eg — 42,y — 35E3
Aulr) = =5 A7) = — e As(r) = 2903040 ’
Aifr) = 144 By + 320, B + SAE? + 420E2E, + 17552

N = 1393459200 ’

.,21\5(7') _ —T68FE1g — 1584 FyEg — T04E,Es — 1760E3Eg — 924E, B2 — 15403 E, — 385E§’.
367873228800

This paper is organized as follows. In Section 2 we prove Theorems and [I.2, and

Corollary by making use of Weierstrass’ theory of elliptic functions and Jacobi forms. In

Section 3, we prove Theorem using Poélya’s identity for cycle index polynomials for the

symmetric group. We also prove Theorem by combining these results with the earlier results
from [3].
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2. PROOF OF THEOREMS [I.1] AND

Here we prove Theorems [1.1] and [I.2] using the theory of elliptic functions and Jacobi forms.
In the next subsection we recall the nuts and bolts that we require about these functions.

2.1. Jacobi forms and elliptic functions. We first recall the definition of a Jacobi form.

Definition. A holomorphic function F(z;7) on C x H is a Jacobi form for SLo(Z) of weight k
and index m if it satisfies the following conditions:
(1) For all v = (¢}%) € SLy(Z), we have the modular transformation

F( 2 “T+b> _ (CT+d)’fexp(2m. )F(z;r).

m022

ct+d

c7'+d;c7'—i-d
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(2) For all integers a, b, we have the elliptic transformation
F(z+ar+b;7) = exp ( — 2mim(a®t 4 2a2)) F(z; 7).
(3) The Fourier expansion of F(z;7) is given by
Fam =Y Y
n>0 r2<4mn

where b(n,r) are complex numbers and u := €2™.

As stated in the introduction, the theta function

O(z;7) = Zu“q”Q,
neZ
2miz

where u ;=€ and ¢ := €?™" is a Jacobi form of weight 1/2 and index 1/2. For our purposes,
we require and then modify the function

(2.1) O(z:7) = (U2 —u?) H (1— quln)_(lq;)Qu_ q")

This function is related to both the function é(z; 7) defined in l} and 0(z;7), as shown
below.

Proposition 2.1. The following identities are true.

(1) In terms of 0(z:7) and Dededkind’s eta function n(t) := ¢t [[2,(1—q"), we have that
1

n(r)?

1
O(z:7) = ~u5q§-9(z+g+§;r

(2) We have that

O(z7) = exp (” z )@(2;7).

2 S(7)
Remark. Combining the modular transformation properties of Dedekind’s eta-function n(7) (for

example, see Chapter 1.4 of [13]) with Proposition (1), we have that ©(z;7) is a Jacobi
form of weight —1 and index 1/2.

Proof of Proposition[2.1. Claim (1) follows as an easy application of the Jacobi Triple Product
formula (see Theorem 2.8 of [4]), which allows us to write
_ 1-— uq”)(l — u_lq”) 1 ong1 (2n41)2
U2 12 ( — D g
( = = 2
1 1/2 1/8 T
The second claim follows immediately from (1) and (1.4). O

To prove Theorems and we require the Weierstrass o-function,

(2.2) o)== [] (1 _ 5)—22) exp (w—) ,

wEAr
S (w)>0 or w>0

neL

where A, is the lattice A, = Z7 + Z. We have the following elementary proposition.
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Proposition 2.2. We have that

27iz)?

1 ()
o(z;7) = %6027(

-O(z;7).

Proof. The o-function has a g-series expansion (see Theorem 1.6.6.4 of [15]) given by

o(z;7) = —e
2mi et (1—q")?

Thus o is also related to the modified theta function O(z; 1), defined by (2.1), as claimed. O

1 o @ris)? (12 _ 4y =1/2) H (1 —uqg™)(1— U_lqn)'

Finally, we will need a lemma giving a slightly nonstandard formula for the weight 2
nonholomorphic weight 2 Eisenstein series G5(7) := 1/473(7) + Ga(T)

Lemma 2.3. We have that
1

2mi li .
(2ri)°G et Z mzn;Z k2 - (m7 4 n)?|mt + n|*
ged(m,n)=1

Proof. The standard application of “Hecke’s trick” (for example, see p. 84 of [0]), to force
convergence of the weight 2 Eisenstein series, gives the formula
1
212G (7) = i :
(2mi)"Ga(7) et mzn;Z (mT 4+ n)2|mt + nl®
(m,m)#(0,0)

The expression in the limit factors as

1
Z (m7 +n)? |m7’—|—n| Z Z kE2ts(mt + n)?|mt + n|*

mneZ m,nel
(m,n)#(0,0) gcd(m n)=1
1
C2+s) mzn;Z (m7 + n)?|mrt + nl*’
gcd(;n,n):l

where in each term we have factored out k = ged(m,n), and ((s) is the Riemann zeta-function.
Similarly, we have that

1 1
Z Z k2~(mr+n)2|m7+n\$:<(2)‘ Z (m7 4+ n)?|m7 4+ n|s

k=1 m,neZ mne”
(m, n);é(O 0) ged(m,n)=1

The lemma follows since ((s) is continuous at 2. O

2.2. Proof of Theorem [I.1l We first find the Weierstrass factorization of the characteristic

series (see ((1.2))
Q) = —sin}f Nk

The function sin(z)/x has the well-known Weierstrass factorization

i)

k=1
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This gives the factorization for @ 7(2) by applying the identity sinh(x) = sin(—iz).
Using this factorization, we have that

A(X.(s): (2miz)? H H( 247:;13:?)_

k=1z€X,(s)
0 2 —1
22z

- I (-5

k=1zeX,(s)

ad 2.0\ 22.x 22z
:H H L= L2 eXp |\ — L2 + 2 :
k=12€X,(s)

The last step allows us to break the expression in two parts, which behave differently as s — 0%.
For the first piece, we may simply evaluate at s = 0 and use Proposition to obtain

I () ()
I 0 () (o)

k=1 (mn)€z2/(£1)
ged(m,n)=1

2
o(z7)
For the second piece, we use Lemma [2.3) m to obtain
z 22
li =1
ot P ( ) sigl*]‘_[ H P (k2 : (m7+n)2|mr+n\s>

k=1 (m,n)eZ2 /(+1)
ged(m,n)=1

— exp <%G§(T)(27riz)2) |

Here the 1/2 appears since this expression is a sum over only a half-lattice, whereas this lemma
uses the sum over the full lattice.
Using Proposition and Proposition [2.1, we obtain the claimed expression

lim A(X,(s); (2miz)?) = ~2mz
5—=0 @(27 7—)

2.3. Proof of Theorem Following the proof of Theorem [I.1], we first find the Weierstraas
factorization of the characteristic series (see (|1 )

WV
Quf) = tanh(y/z)

The function tan(z)/x has Weierstrass factorization
2
tan(z) [ ( - 2k2)
a 00 4z ’
* Hk:l (1 o 7r2(2k—1)2)
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Using (1.7), and the fact that tanh(x) = tan(—iz), we have that

[ (1 - 7r2((7;1:)1)2>
L(X(s), (miz)) = ] (ri2)’a
z€X-(s) Hk: 1 (]' + w2k )
) 22z 00 22z
- 00 22z - oo 2z\2 "
z€X,(s) Hk:l (1 o k_2) z€X,(s) szl (1 B I:_Z>

Using the calculations from the previous subsection again, we find that

O(2
lim L(X,(s), (7iz)*) = miz - M
50+ @(z; 7)?
2.4. Proof of Corollary We note that the Weierstrass o-function satisfies the limit

. 22 22
o(z,7) = Sli)r(% z H (1 - —w2|w|28) exp (—w2|w|25>

weA,
S(w)>0 or w>0

= lim o,(z,7) exp ((2mz)2G5<T>> :

s—0t
where we let )
z
os(z;7) =2 H (1 - E) :
wEA-(s)
Using “Hecke’s trick” (for example, see p. 84 of [6]) again, we obtain

LR DR v PR D Dl e

s—0*t
wEA wEAL(s)
S (w)>0 or w>0

Furthermore, the logarithmic derivative of the o-function (with respect to z) has Taylor
expansion

o'(z Gor(T)(2m0)% o,
2Ly Gaen?,
o Qk - 1)!

(see Prop [.5.1 of [I5], where we note a dlfference in notation with our Gax(7) being
(Qk 1 ) Gae(A,)). This gives us the exponential expansion of o as

o(z;7) =z -exp (— Z 6222];{()7;) (2m’z)2k> :

k>2

Therefore, we find that the characteristic series of the Witten genus is (see ([1.11))) satisfies

Go(7)(2miz)%k z
Qw(z) = exp (Z ((2(14)! ) ) "oz

k>2

Combining Theorem [I.1} Proposition [2.1] and Proposition [2.2] we obtain the claim.
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3. PROOF OF THEOREMS [I.4] AND

In this section we prove Theorems and [L.5], which express the quasimodular representations
of the g—genera and L-genera as traces of partition Eisenstein series. To obtain these results,
we make use of exponential generating functions that arose in the previous section. These
generating functions can be reformulated as traces of partition Eisenstein series using special
identities within the framework of Polya’s theory of cycle index polynomials.

3.1. Polya’s cycle index polynomials. The structure of traces of partition Eisenstein series
arises from the classical theory of the symmetric group, and their connection to integer partitions.
Namely, the key tool is Pélya’s theory of cycle index polynomials (for example, see [16]). Recall
that a partition A\ = (Aq,...,Agny) F k or (1™, ... k™) F k, labels a conjugacy class by
cycle type. Moreover, the number of permutations in &, of cycle type A is is k!/z,, where

zy = 1M By - omy !, The cycle index polynomial for the symmetric group &y is given
by
1 E1 (o™
_ — — |2
(3.1) 20 =3 = [lo - 115 (]) |
ARk A =1 ARk j=1

We require the following generating function for these polynomials in k-aspect.

Lemma 3.1 (Example 5.2.10 of [16]). As a power series in y, the generating function for the
cycle index polynomials satisfies

ZZ(Gk)tk = exp (Zwk . %) :

k>0 k>1
FExample. Here are the first few examples of Polya’s cycle index polynomials:

1 1
2(61) = T, 2(62) = E(l‘% + 1‘2), Z(@g) = 5(?[):{) + 31‘11‘2 + 21’3)

3.2. Proof of Theorem The characteristic series @ 7(2) (see (1.2))) has a well-known (see
[B, eq. (3.1)]) explicit exponential generating function

o VE2 B
52 Q) = G O (‘Z@j)@j)!)’

J=1

which enables us, by (/1.1]), to obtain

R 00 0 _B2 s k
=1 k=1

Here we see the natural role of the power sum symmetric functions {s }r.
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To prove the theorem, we invoke Pélya’s formula in Lemma , with <& = %. In this

way, we obtain

A(s1,89,...:1) Ztkzl—[ ]( 32]8])')mj

k>0 Ak j=1

-5ﬁ2%ﬂ@ﬁ'ﬁ%&%y

k>0 Mk j=1

Under the identification By;s;/2j <— Ga;, we have the desired expression as a trace of partition
Eisenstein series. Namely, we find that

Ap(1) = Trg (o3 7).
Now we turn to the case of the L-genus, which has characteristic series (see (L.7)))

_VE
tanh(y/z)

On the other hand, one may recall the series exapansion (easily derived from that of tanz)

o 49 (47 — 1) By
cosh(y/z) = exp (; (27)(27)! ) |

Combining this with formula (3.2)) for @ z(2), we get

__VE Wz B X\ 44— 2)By; 2

Arguing as above with (1.1) and Pélya’s Lemma mutatis mutandis, we obtain the claimed
conclusion

Qr(z) =

ﬁk(T) = Trk(¢L;T).

3.3. Proof of Theorem [1.5] Claim (1) is a simple reformulation of Theorem 1.2 (1) of [3].
The reader merely needs to be aware of the different normalizations of the function ¢y .

The proof of claim (2) is a little more involved. Beginning with and Theorem , we
apply the correspondence Gy; <— Bsjs;/2j to as follows

Ar) =260 H%Ci)=ZQMﬁ$QJ%J%

Ak j=1 "7

Since Byj = (—1)?71 By;| (or —Byj; = (—1)?|By;|) and Z?lemj = k, it follows that

k m;
vzl\k(T):Z(_l)ijijAH ! (( ‘.BZJ".)) DEN "By lou] = (~1)F Tl (16wl 7).

Ark =it \(29)(2))! Ak

This proves the desired expression in claim (2) as a twisted E-trace of partition Eisenstein
series.
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