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Abstract

We prove that the optimal tojasiewicz—Simon exponent of a real-analytic functional on
a Banach space is an intrinsic invariant of its finite-dimensional Lyapunov—Schmidt singular-
ity under natural Fredholm and pairing-compatible hypotheses. More precisely, Lyapunov—
Schmidt reduction preserves the entire set of admissible exponents, while the reduced germ
on the kernel of the Hessian is intrinsic up to analytic right-equivalence tangent to the identity.
We then identify this invariant with a real relative tojasiewicz exponent of the pair consisting
of the Jacobian ideal of the reduced energy and its principal energy ideal. Consequently, the
optimal exponent admits equivalent descriptions by analytic arcs and by a finite maximum of
divisorial ratios; in particular, it is rational. In Newton-nondegenerate cases, these formulas
yield explicit monomial expressions.

We apply the theory to several classes of singular energies. For the sum Qy of the squares
of all k x k minors of a real matrix, we determine the associated ideal pair up to real integral
closure and obtain the exact local exponent

1

= 2(k—s)

at matrices of rank s < k. For Yang—Mills energy, we prove that the product flat connection
on T? has optimal exponent 3/4 for every nonabelian compact structure group. For SU(2),
the determinantal reduction extends this value to product flat connections on every T¢, while
sufficiently small nonzero constant flat connections have exponent 1/2. Finally, for reso-
nant semilinear Dirichlet energies, we identify higher-order resonant obstructions, establish
an all-order obstruction ladder for simple resonance, and obtain a complete parity-dependent
classification on (0, 7).

1 Introduction

The tojasiewicz=Simon gradient inequality is one of the principal mechanisms by which finite-
dimensional real-analytic geometry enters nonlinear analysis. Simon's foundational work [27]
reduces the behavior near a degenerate critical point to a finite-dimensional analytic problem,
and subsequent formulations by Chill and Feehan—Maridakis substantially clarified the functional-
analytic hypotheses and the applications to gradient-like evolution equations [8,/16},|17]. In the



Morse—Bott case the optimal exponent is 1/2, a fact developed in particular by Feehan [13,|14].
For genuinely degenerate critical points, however, the numerical value of the optimal exponent
records finer singularity data that are not visible from Fredholm theory alone.

Finite-dimensional reduction is already central in the analysis of slowly converging geometric
flows. The first nonzero homogeneous obstruction appears in the work of Adams—Simon and
in the Lyapunov-Schmidt analysis of slowly converging Yamabe flows by Carlotto—Chodosh—
Rubinstein [1,/7]. More recent work of Choi-Hung studies rates and asymptotic directions for
nonlinear evolution equations [10,11]. These works make clear that the reduced finite-dimensional
singularity is not merely a technical device. Our purpose is to isolate the optimal tojasiewicz—
Simon exponent itself as an intrinsic singularity-theoretic invariant and to bring to bear on it the
classical theory of integral closure, analytic arcs, divisorial valuations, and Newton polyhedra.

There are two points of contact with earlier abstract splitting results that are important for
positioning the paper accurately. Feehan proves that adding a nondegenerate quadratic factor
preserves a tojasiewicz exponent and gives a Banach splitting theorem for degenerate critical
points [13| Lemma 3.3 and Theorem 5]. Thus, in his setting, the exponent of the full germ is
already identified with that of a finite-dimensional residual germ. Our first contribution is a direct
exact-reduction theorem in an asymmetric Banach pair X=Y, where the derivative of the energy is
represented by a map M : X — Y rather than by a gradient in X or X*. More precisely, Theorem[2.4
identifies the entire sets of admissible exponents, not only their infima. Our second contribution
is an intrinsicity theorem adapted to the canonical kernel K = kerL: Theorem shows that
two compatible reductions are related by an analytic right-equivalence whose differential at the
origin is the identity. Consequently the first nonzero homogeneous obstruction is literally the
same polynomial on the fixed vector space K.

The algebraic object selected by Simon’s inequality is the pair

where T" is a reduced energy and J(I') its Jacobian ideal. We call this the Simon pair. The
terminology is new, but the finite-dimensional ingredients are classical. Integral closure and
the valuative theory of tojasiewicz exponents go back to the work of Lejeune-Jalabert—Teissier
and Risler, and the real arc criterion used here is developed by Gaffney—Araljo dos Santos [19,
26]. Newton-polyhedral computations of relative exponents and Newton-nondegenerate Jacobian
ideals are studied by Bivia-Ausina [2,/3]. Theorem transfers this classical finite-dimensional
machinery to the intrinsic reduced singularity of the Banach functional and gives

o WU ordg (D)
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In particular, the optimal Banach exponent is rational and is attained by a divisorial order. The
elementary order estimate 6.s > (m—1)/m, where m = ordyT, is only the first approximation:
singular directions of the leading homogeneous term may force a much larger exponent, as the
example x*> +y!% shows. We also obtain a closed determinantal family in which the full valuative
problem can be solved. If Q; denotes the sum of the squares of all k x k minors of a real matrix
and I; is the ideal of j x j minors, Theorem proves

@R = ER, J(Qk)]R = Ik—llkR>



and gives the exact local gradient exponent 1 —1/(2(k—s)) at the rank-s stratum. This determi-
nantal calculation is subsequently used in the higher-dimensional Yang—Mills application.

Our first application concerns Yang—Mills energy at product flat connections on tori. Feehan's
work emphasizes that the product SU(2) connection on T? is a basic non-Morse—-Bott singular
point of the flat-connection moduli space [15]. In the gauge-fixed W!»~W~1-» model used below,
the Lyapunov—Schmidt correction vanishes exactly on T? for every compact Lie group G, and
the reduced energy is Tgr(§, 1) = ||[€,n]||*. Fisher's 3/4 gradient inequality for norm-squares of
linear moment maps [18, Theorem 4.7], together with the quartic order obstruction, yields the
exact exponent 3/4 whenever g is nonabelian; for abelian g the exponent is 1/2. For G = SU(2)
the constant-mode reduction persists on every T¢. There the reduced energy is, up to scale, the
sum of the squares of all 2 x 2 minors of the 3 x d matrix of harmonic coefficients. Theorem |4.7
therefore gives exponent 3/4 at the product connection and 1/2 at every sufficiently small nonzero
constant flat connection.

Our second application is the resonant semilinear Dirichlet energy

1 1
éaN(u)ZE/Q(]VM\z—Auz)dx—FN/QuNdx.

The even-power exponent (N —1)/N lies within the earlier semilinear theory of Haraux—Jendoubi—
Kavian [23, Theorem 2.2]; their Theorem 2.5 also treats a simple-kernel cubic noncancellation
condition. Our reduction gives more precise information about successive resonant obstruc-
tions. When the leading polynomial Py(&) = N~! [, ENdx vanishes identically on the resonant
eigenspace, Theorem identifies the next homogeneous obstruction and gives the sharp expo-
nent (2N —3)/(2N —2) whenever that obstruction has an isolated critical point, without assuming
that the eigenvalue is simple. For a simple resonance, Theorem gives the exact factorization
[(te) = t>H(t"~2) and hence a discrete all-order ladder of possible exponents. Finally, on (0,7),
Theorem determines the exponent for every N and every resonant eigenvalue: for odd N
the nominal exponent occurs at odd eigenmodes, while even eigenmodes exhibit a systematic
cancellation and have exponent (2N —3)/(2N —2).

These two applications are deliberately complementary. In the Yang—Mills problem, the reduc-
tion is exact on the harmonic modes and the resulting finite-dimensional singularity is algebraic
and, for SU(2), determinantal. In the semilinear problem, by contrast, the transverse correc-
tion is generally nontrivial, and successive cancellations reveal higher-order resonant obstructions.
Together they illustrate two complementary roles of the framework: it can identify a reduced sin-
gularity that is already geometrically visible, and it can uncover singularity-theoretic information
that is hidden in the original infinite-dimensional formulation.

The final part of Section [3|records the usual implications of the optimal exponent for gradient-
like evolution equations and formulates a valuative realization problem: a divisor computing the
algebraic exponent need not automatically be represented by an actual gradient trajectory. We
keep this as a problem rather than a theorem, since the algebraic finite-max formula and the
dynamical realization question require different information.

The paper is organized as follows. Section [2] develops the asymmetric Lyapunov—Schmidt
framework, exact reduction, the order bound, and the Morse-Bott dichotomy. Section [3| proves
intrinsicity of the reduced singularity and develops the Simon pair, its real valuative and Newton
formulas, and the determinantal family above. Section |4 treats Yang—Mills energy, first on T2
for a general compact structure group and then on T¢ for SU(2). Section develops the higher-
order resonant obstructions, the simple-resonance obstruction ladder, and the complete interval



classification.
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2 Framework: Asymmetric Lyapunov—Schmidt reduction

Our first task is to isolate precisely which part of the tojasiewicz—Simon inequality is genuinely
finite dimensional. We work with an asymmetric Banach pair because in the applications the
derivative of the energy is naturally represented by a map into a target space Y, rather than by a
gradient taking values in X itself. The compatible splitting below separates the kernel directions,
where the singular behavior survives, from the transverse directions, where the Hessian is invertible.

Throughout this section, X and Y are real Banach spaces equipped with a continuous bilinear
pairing (-,-)yx : Y xX — R, and U C X is an open neighborhood of 0. Let E:U — R be real
analytic, with E(0) =0 and dE(0) =0. Assume there is a real analytic map M : U — Y representing
the derivative, so that dE(x)[v] = (M(x),v)yx for xe U and v € X. Write L:=DM(0) : X —Y for
the Hessian.

Assume that L is Fredholm. The symmetry of L with respect to the pairing is automatic.
Indeed, for x,y € X, we have D?E(0)[x,y] = (Lx,y)yx. Since E is real analytic, it is C?, and hence
D?E(0) is symmetric; thus moreover

<Lx7y>Y,X :DZE(())[)C?))] = DZE(O)[yvx] = <Ly,X>Y’X.

Let K:=kerL. Choose a closed complement Z C X such that X =K®Z. Assume, in addition,
that there is a compatible topological splitting

Y =RanL @Yk where Y =Z7":={yeY :(y,2)yx =0 for every z € Z},

and that the restriction map p : Yx — K* such that p(y) = <y,'>y7x‘K, is an isomorphism. These
compatibility assumptions imply that L has index zero. Indeed, since Y =RanL® Yx and Yx = K*,
we have codimRanL = dimYx = dimK* = dimK. Thus indL = dimkerL — codimRanL = 0. This
establishes that L has index zero.

2.1 The tojasiewicz—Simon exponent and the compatible splitting

We define the tojasiewicz—Simon exponent of E at 0 by
6is(E,0) := inf{@ €[1/2,1): |M(x)|ly > CIE(x)|® for all x sufficiently close to 0}.

Since E(0) =0, for x sufficiently close to 0 we have |[E(x)| < 1. Consequently, if the inequality
holds for some exponent 6, it trivially holds for any 8’ € (6,1). The infimum therefore repre-
sents the smallest, or sharpest, admissible exponent. A priori, the set of admissible exponents
could be empty, but the classical finite-dimensional real analytic t.ojasiewicz gradient inequality—
transferred via the exact reduction below—ensures it is non-empty for real-analytic functionals.
We will refer to 6 s(E,0) as the optimal exponent once this set is established to be non-empty.



The use of the target space norm |||y is intrinsic to the asymmetric Banach formulation:
the gradient map M(x) is evaluated natively in Y, bypassing potential loss of closed range in the
abstract dual space X*.

Lemma 2.1. Under the compatibility hypotheses above, RanL = K°, the pairing separates points
of Y, and the restriction L|z : Z — RanL is an isomorphism. In particular, dE(x) =0 if and only if
M(x) =0 for x near 0.

Proof. Since L is Fredholm of index zero, K is finite dimensional and dimK = codimRanL. By the
symmetry of L, we have RanL C K°, where K°:={y €Y : (y,k)yx =0 for every k € K}. Because
p :Yx — K* is an isomorphism, Yk NK°® = {0}. If y € K°, write y =y; +y» with y; € RanL and
y2 € Yg. Since RanL C K°, also y =y—y; € K°, and hence y, =0. Thus y € RanL, proving
RanL =K°.

If y €Y annihilates all of X, then it annihilates Z, so y € Z° = Yk; it also annihilates K, so
p(y) =0 and therefore y =0. Thus the pairing separates points of Y. Consequently the map
Y — X* induced by the pairing is injective, and dE(x) = 0 is equivalent to M(x) =0.

Finally, L|z is injective because ZNkerL = {0}, and it is onto RanL because X = K@ Z and
L(K) =0. The bounded inverse theorem gives the claimed isomorphism. Ll

Let R: Y — RanL be the continuous projection associated with Y = RanL &® Yk.

2.2 Reduction and Comparison Estimates

Define F on a neighborhood of (0,0) in K x Z by F(&,n) :=RM(E +n). Since D,F(0,0) =L|z is
an isomorphism, the analytic implicit function theorem provides neighborhoods V. C K and W C Z
of 0 and a unique real analytic map y:V — W such that y(0) =0 and RM(§ + w(&)) = 0.
We refer the latter as the Lyapunov—-Schmidt reduction equation. Differentiating this reveals
Dy (0) =0.

Define the Lyapunov—Schmidt parametrization ¢(§) := & + w(&) and the real analytic germ
[:V—>RbyI(§):=E(c(§)); we call T the reduced energy attached to the reduction. After
shrinking the neighborhoods, every x sufficiently close to 0 has a unique representation x=c(§)+z
with EeVandze Z: if x=&+1n is its K®Z decomposition, then z=1n—y(§).

The Lyapunov=Schmidt reduction used below is standard in proofs of the tojasiewicz—Simon
inequality; see, for example, Simon [27] and Feehan—Maridakis [16]. We record the resulting
identity in the asymmetric pairing used here.

Lemma 2.2. For every & €V, we have DI'(§) = p(M(c(€))) € K*. Equivalently, for every h € K,

DI(&)[h] = (M(c(&)),h)yx-

Proof. By the chain rule,

DI(&)[n] = dE(c(§)) [De(8)h] = (M(c(§)),h+Dy(E)h)yx.

By the defining equation of the Lyapunov-Schmidt reduction, we have RM(c(&)) =0. Therefore,
M(c(&)) lies in the kernel of the projection R, which is exactly Yx. Since we chose the compatible
topological splitting such that Yx = Z°, the gradient M(c(&)) annihilates any vector in Z.

Because Dy(§)h € Z, one has (M(c(&)),Dy(&)h)yx =0. Hence DI'(E)[h] = (M(c(§)),h)yx
for every h € K, which is exactly DI'(&) = p(M(c(&))).



Furthermore, because p: Yx — K* is an isomorphism between finite-dimensional spaces and
M(c(&)) € Yk, their norms are uniformly equivalent. Consequently, there exists C > 1 such that

CHIM(e(€))lly < IDT(E) Ik < ClIM(e(E))lly,

uniformly for & sufficiently close to 0. Thus, the finite-dimensional gradient norm perfectly
controls the target-space norm of the full infinite-dimensional gradient map along the reduction
manifold. O

Estimates of this type are standard consequences of the Lyapunov—Schmidt reduction used
in proofs of the tojasiewicz-Simon inequality; see, for example, [16]27]. We state them here in
the X=Y norms of the asymmetric framework.

Lemma 2.3. After shrinking the neighborhoods if necessary, there exists C > 1 such that whenever
x=c(&)+zwith& €V and z € Z, one has

lzllx < ClM(x)]ly, (1)
1M (c(E))lly < ClIM(x)]|y, (2)
[E(x) =T(&)| < ClIM ()5 (3)

Proof. To prove (1)), define the transverse map G(&,z) := RM(c(§) +z). By the Lyapunov—
Schmidt construction, RM(c(&)) =0, so G(£,0) =0. By the fundamental theorem of calculus,

G(&,z) = </01RDM(c(§)+sz)\zds) Z.

At (§,z) = (0,0), the bounded linear operator in parentheses is precisely RDM(0)|z =RL|z =L|z.
Since L|z: Z — RanL is an isomorphism, continuity implies that for x sufficiently close to 0, the
integral operator remains an isomorphism with a uniformly bounded inverse. Therefore ||z]|x <
Co||G(&,2)|ly = Col|[RM (x)||y < C1|[M(x)||y, which establishes the first estimate.

For (), local Lipschitz continuity of M gives ||M(x) —M(c(§))|ly < Ca|lz|lx. Hence, by (1)),
IM(c(E))lly < M)y +Callzllx < (1+CC)IME)ly-

For , we expand the energy difference using the fundamental theorem of calculus:

B0)~T(§) = E(e() +9) ~ E(e(€) = [ (M(e(6) + 52, rxds.
We separate the first-order term at s = 0:
B~ T(€) = (M(e(€).Arx + [ (M(e(E) +52) - M(e(&). vxds.
Because RM(c(&)) =0, we have M(c(&§)) € Yk =Z°; since z € Z, the first-order term (M (c(&)),z)y.x

vanishes. Let Cp,ir > 0 be a continuity constant for the pairing, so that |[(y,x)y x| < Cpair|y||¥ ||X]|x
The remaining integral is bounded using the local Lipschitz property of M:

E0) €)1 < o [ IM(e(&) +52) — Me(&))lrleleds < T2 .

Applying (T)) yields |E(x) —T(&)| < C3||M(x)||3. So, C:=max(Cy,1+C;C,,C3) ends the proof. [



2.3 Exact reduction and the Morse—Bott dichotomy

Define the finite-dimensional reduced tojasiewicz exponent by

Ox(T,0) := inf{e € [1/2,1): | DI(E)|x = CIT(E)[® for all & near o}.

Feehan’s invariance under a nondegenerate quadratic summand and Banach splitting theorem
already identify the full and residual exponents in his setting [13, Lemma 3.3 and Theorem 5]. The
following theorem gives a direct proof for the present asymmetric pair X—Y and, more strongly,
identifies the sets of admissible exponents.

Theorem 2.4. Under the hypotheses above, we have

9LS<E70) = GR(F7O)'

Proof. We prove that the sets of admissible exponents coincide.

Step 1: An exponent for T is an exponent for E: Suppose 6 € [1/2,1) is admissible for T".
Thus, for sufficiently small &, ||DT(E)||x+ > Co|T(E)|®. By the norm equivalence from Lemma ,
M (c(E))|ly > C1||PT(E)||k+, and therefore |T(E)|® < Co||M(c(E))|ly. Using from Lemma
, we obtain [['(€)]? < C3||M(x)||y. On the other hand, gives |E(x)| < |T(E)|+C|IM(x)|)3.
Since 0 < 6 < 1, subadditivity of the fractional power yields |E(x)|® < |T(&)|% +C?||M(x)||3°.
Substituting the gradient bound for [T(€)|® yields |E(x)|® < C3||M(x)|ly +C?||M(x)||3°.

Because 20 > 1, after shrinking so that |[M(x)|ly < 1 we have ||M(x)||?° < |[M(x)|ly. Hence
|E(x)|® < (C3+C?)||M(x)]|y, so 6 is admissible for E.

Step 2: An exponent for E is an exponent for T:  Conversely, suppose ||[M(x)|ly > Co|E(x)|®
for all x sufficiently close to 0. Restrict this inequality to x =¢(&). Since E(c(§)) =T'(§), we have
1M (c(&))|ly > ColT(E)|®. By Lemma and the fact that p is an isomorphism, ||DI'(§)| k- >
CiIM(c(&)|ly > CIT(E)|®. Thus 6 is admissible for I'. We conclude: since the two sets of
admissible exponents are therefore identical, so their infima coincide: 6ps(E,0) = 6g(T",0). [

The order estimate below is an elementary finite-dimensional consequence of the first nonzero
homogeneous term of the reduced germ. We include the short argument because it will be used
repeatedly.

Theorem 2.5. Assume the hypotheses of Theorem and suppose that T #£0. Let m:=ordy’
denote the order of vanishing of the reduced functional at 0. Then m >3, and
m—1
OLs(E,0) = 6g(I,0) > o

Proof. We first note that the quadratic part of the reduced energy vanishes. For h,k € K, differ-
entiating DI(&)[h] = (M(c(&)),h)yx at & =0 in the direction k gives D*I'(0)[h,k] = (Lk,h)yx =0,
because k € K =kerL. Thus DI'(0) = D’T'(0) = 0. Since I' # 0, the order of vanishing m = ordy "
is therefore a finite integer satisfying m > 3. Because K is finite-dimensional and I is real analytic,
its Taylor expansion at 0 has the form

L) =Tw(&) +Tma(§) +---,

where I'; is homogeneous of degree j and I', #0.



Choose a € K such that I',(a) # 0. Since I';, is homogeneous of degree m, Euler’s identity
gives DI'yy(a)[a] = mI'y(a) # 0. Consequently, DI',(a) # 0 as an element of K*. Consider now
the real analytic arc &(¢) =ra. By homogeneity of the Taylor coefficients,

[(ta) = t"T,u(a) + O(Jt]™ ™),

and, in K*, we obtain DI'(ta) = t"~'DI,,(a) + O(|t|™). Since ['y(a) # 0 and DT, (a) # 0, there
exist constants c¢y,¢; > 0 and #9 > 0 such that, for 0 < |¢| < 1,

IT(ta)| > c1]t|™ and ||DI(ta)||g- < 62!t|'"_].

Now let 6 € [1/2,1) be any admissible exponent for the reduced functional. Thus there exists
C > 0 such that ||[DT(&)| g+ > C|T(&)|® for all sufficiently small £&. Applying this inequality along
the arc & = ra, we obtain

erlt"! > CIL(ta)|® > Cefjo]
for all sufficiently small ¢ # 0.

If m6 < m— 1, then division by [t|"® gives c,|t|" 178 > Cc?, while the left-hand side tends to
0 ast — 0, a contradiction. Hence every admissible exponent satisfies m@ > m— 1, or equivalently,
0> ’"7_1 Taking the infimum over all admissible exponents yields 6g(I",0) > ’"7_1 Finally, The-
orem [2.4] identifies the admissible exponents for the full functional E with those of the reduced
functional I". Therefore 1

GLS(EvO) = BR(Fao) > T

This proves the theorem. ]

The equivalence between vanishing of the residual germ and the Morse—Bott property is closely
related to the Banach-space splitting and Morse—Bott lemmas; see, for example, Feehan [13]
Theorems 5 and 2.14]. We use the standard local definition: E is Morse-Bott at 0 if CritE is a
C? submanifold near 0 and Ty CritE = ker DM(0) = K. We give a direct argument in the present
asymmetric notation.

Proposition 2.6. Under the hypotheses of Theorem[2.4, the functional E is Morse-Bott at 0 if
and only if the reduced energy I is identically zero in a neighborhood of 0 € K.

Proof. Recall that K =kerL and X = K@ Z, and that the Lyapunov—Schmidt parametrization is
c(&)=E+wy(&) for E €V CK, with RM(c(€))=0. Hence M(c(&)) € Yk. By the gradient identity
of Lemma 2.2 DI'(§) = p(M(c(§))) € K*. Since p : Yx — K* is an isomorphism, DI'(§) = 0 if
and only if M(c(&))=0.

Assume first that T'=0 near 0. Then DI'(§) = 0 for every sufficiently small £ € K. By
this equivalence, we know M(c(&)) =0. Thus ¢(V) C CritE, where CritE = {x € U : M(x) = 0}.
Conversely, let x € CritE be sufficiently close to 0. Since X = K& Z, we may write uniquely
x=E&+zwith § €K and z€ Z. Since M(x) =0, we have in particular RM(§ +z) =0. By the
uniqueness part of the implicit function theorem defining v, the unique sufficiently small z € Z
satisfying this equation is z = y(&§). Therefore x =¢(&). Consequently, CritE = ¢(V) near 0.

Since ¢ has the form ¢(&) =&+ w (&), w(0) =0 and Dy (0) =0, it is a real analytic embedding

of V as a finite-dimensional submanifold of X, since the projection P: X = K®Z — K satisfies
Poc =1idy. Moreover, TyCritE = Dc(0)(K) = K because Dy(0) = 0. So, the critical set is a



finite-dimensional real analytic submanifold near 0 and Ty CritE = kerL. Thus E is Morse—Bott
at 0.

Conversely, assume that E is Morse—Bott at 0. Let ¥ := CritE. By the Morse—Bott as-
sumption, after shrinking the neighborhood of 0, € is a finite-dimensional C? submanifold of X
satisfying To% = K. In particular, dim% = dimK.

Let P: X =K®Z — K be the continuous projection associated with the chosen splitting.
Consider its restriction Pl : ¢ — K. At the origin, D(P|«)o = P|7y¢ = P|x =1idg. Since € and
K have the same finite dimension, the finite-dimensional inverse function theorem implies that,
after shrinking €, the map P|y : € — V' is a local diffeomorphism onto a neighborhood V' C K
of 0.

Thus, for every & € V', there is a unique critical point xg € ¢ such that Pxg = §. Writing
xg = & +z¢ with z¢ € Z and using M(xg) = 0, we obtain RM(§ +z¢) = 0. By the uniqueness
in the implicit function theorem defining the Lyapunov-Schmidt correction, zz = w(§). Hence
xe = c(&). Since x¢ is critical, M(c(§)) =0 for every & € V'. Applying the gradient identity, we
have DI'(§) = p(M(c(&))) =0 on V. Therefore T is constant on the connected neighborhood
V’. Since I'(0) = E(c(0)) = E(0) = 0, we conclude that '=0 on V’. The proof is complete. [

Feehan |13, Theorems 1 and 2] proves converse results showing, under his analytic Banach
hypotheses, that a tojasiewicz exponent 1/2 forces the Morse—Bott property. In the present
reduction, the additional gap below is an elementary consequence of the vanishing quadratic
residual and Theorem 2.5

Corollary 2.7. Assume the hypotheses of Theorem|[2.4. Exactly one of the following alternatives
holds:

(i) T'=0 near0. In this case E is Morse-Bott at 0 and 6;s(E,0) = 6g(I',0) =1/2.
(i) T 0. Ifm=ordyl, then m >3 and
m—1

O.s(E,0) = 0g(T,0) > o >

SIS

In particular, 6.s(E,0) ¢ (1/2,2/3).

Proof. If I' =0, Proposition shows that E is Morse-Bott. Moreover, Lemma gives
|E(x)| < C|[M(x)||3, so 1/2 is admissible and hence 6 s(E,0) = 1/2. Conversely, if E is Morse—
Bott, Proposition [2.6|gives [ =0. If I'# 0, Theorem [2.5]gives m >3 and 6.s(E,0) > (m—1)/m >
2/3. O

Section[2] has therefore reduced the optimal tojasiewicz—Simon exponent exactly to the finite-
dimensional germ I', and the first nonzero homogeneous term of I' already imposes a universal
lower bound. At this stage, however, I' is still constructed using a choice of compatible splitting.
Before attaching algebraic or valuative invariants to the reduced germ, we must show that its
singularity type is independent of those auxiliary choices in a sufficiently rigid sense. This is the
purpose of the next section.



3 Intrinsic reduction and the Simon pair

The splitting lemma and the finite-dimensional residual germ attached to a degenerate criti-
cal point are classical. In particular, Feehan's Banach splitting theorem for degenerate critical
points [13, Theorem 5], together with invariance under a nondegenerate quadratic summand [13],
Lemma 3.3], shows that the residual germ carries the same t.ojasiewicz exponent as the full germ
in his setting. In finite-dimensional singularity theory, uniqueness of the residual part up to right
equivalence belongs to the splitting-lemma picture; Greuel-Pfister [20] give a recent treatment,
including convergent real and complex analytic power series.

There are nevertheless two reasons to revisit uniqueness in our setting. First, the gradient in
Section2]is a map M : X — Y and the Hessian is an operator L: X — Y defined relative to a pairing,
rather than a self-adjoint endomorphism of a Hilbert space. The transverse equation therefore
depends simultaneously on a complement Z C X and on a compatible complement Yx C Y. Second,
the finite-dimensional space on which every reduction is written is not an abstract residual space:
it is the fixed canonical vector space K =kerL. Ordinary uniqueness up to right equivalence would
identify the singularity only after an arbitrary linear change of coordinates on K. For the leading
obstruction used later, we need to know whether the linear part of that change can be taken
to be the identity. The theorem below gives exactly this stronger conclusion by deforming one
compatible splitting to the other.

3.1 Independence of the compatible reduction

Theorem 3.1. Assume the hypotheses of Section[d Let X = K& Zy=K & Z, be two closed
complements of K = kerL, and suppose that for i = 0,1 there are compatible splittings Y =
RanL @ Yk ; with Yx; = Z7 and restriction maps p; : Yg; — K* isomorphisms. If I'g,I'; : (K,0) —
(R,0) are the corresponding reduced energies, then there is a real analytic local diffeomorphism
¢:(K,0) — (K,0) such that

o =Ty, 9(0)=0,  D@(0)=idg.

Proof. Because Zy and Z; complement the same finite-dimensional space K, there is a bounded
linear map S:Zy — K such that Z, ={z+Sz:z€ Zy}. Put T,z=z+1tSzand Z, =T,Zy for 0 <t <1,
then X = K@ Z, for every t.

Let g:Y — K* be restriction to K and let 5o = po’1 :K* — Yk 0. Since g vanishes on RanL = K°,
every element of Y ; is uniquely of the form so(A1) +HA, where H : K* — RanL is linear. The
condition Yx; = Z7 gives, for z € Zy, (HA,z)yx = —A(Sz). Define Yx, = {so(A) +tHA : A €
K*}. Then Ygx, C Z?. Conversely, restriction ¢ :ZZ — K* is injective: an element in its kernel
annihilates both K and Z;, hence all of X, and is zero because the pairing separates points of
Y. Thus dimZ; < dimK, while Ygx, C Z7 already has dimension dimK. Therefore Yx, = Z;.
Moreover, qly,, : Yk — K* is an isomorphism. Given y € Y, choose yx € Yk, with g(yx) = q(y).
Then g(y —yk) =0, so y—yx € K° = RanL by Lemma . Since ¢ is injective on Yx,, also
Yg:NRanL = {0}. Hence

Y =RanL®Yg;.

Let R; be the projection onto RanL along Yx,. Relative to ¥ =RanL® Yk one has R, =
Ry —1tHgq, so R, depends analytically on ¢. Consider F(t,&,z) = RM(E +T;z) for £ € K and z € Z).
Since LSz =0, D,F(t,0,0)z = R,LT;z = Lz, the fixed isomorphism L|z : Zy — RanL. The analytic
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implicit function theorem with parameter gives such a jointly analytic solution on a neighborhood
of each 7y € [0, 1]. By uniqueness these local families agree on overlaps; compactness of [0,1] and
a finite subcover allow the K-neighborhood to be chosen uniformly in ¢. Thus there is a common
neighborhood of 0 € K and a jointly analytic family y;(&) € Zy satisfying

v, (0)=0, RME+Tw(§))=0.

Set ¢,(§) =&+ Ty(E) and Iy =Eoc¢. At t=0,1 these are the two given reductions.
Differentiating the reduction equation at § = 0 gives D¢ w;(0) =0, hence ¢;(0) =0 and Dgc;(0) =
idg. At & =0onehas Dgc;(0)(K) =K, so X = Dgc,(0)(K)DZ for every ¢ € [0,1]. Complementarity
is an open condition, and compactness of [0, 1] therefore permits the K-neighborhood to be shrunk
once so that X = De¢,(§)(K) ©Z; for all 1 € 0,1] and all & in that common neighborhood. Hence
there are unique jointly analytic maps V;(§) € K and w;(§) € Z; such that dyc;(&) = Dec,(E)Vi(E) +
wi(E). Since M(c,(&)) € Yk, = Z7, the w, term is annihilated and 9,I(&) = DI (&)[Vi(§)].

Let ¢, solve the finite-dimensional time-dependent ODE ¢, = —V, 0@, ¢p =id. After shrinking
the initial neighborhood, the flow exists for 0 <¢ <1 and %F,((p,(é)) =0. Hence I;0¢, =T and,
in particular, I'y o @) =TY.

Finally, ¢,(0) = 0 implies V;(0) = 0. Differentiate

9,c1(6) = Deci(E)Vi(G) +wi(S)

at § =0. Because Dgc;(0) = idk is independent of ¢, the derivative of the left-hand side is zero.
The resulting identity is the sum of a vector in K and a vector in Z; since X = K® Z;, both
components vanish, and in particular DV;(0) = 0. The variational equation for the flow therefore
gives D@;(0) =idg. Taking ¢ = ¢@; completes the proof. ]

Definition 3.2. The reduced Simon singularity of (E,0) is the analytic right-equivalence class
of any compatible Lyapunov—Schmidt reduced energy.

Remark 3.3 (Intrinsic consequences). Because the right-equivalence in Theorem is tangent to
the identity, the order ordgI" and the first nonzero homogeneous term I, are literally independent
of the compatible reduction on the fixed space K =kerL. Moreover, the chain rule gives J(I'g) =
0*J(T'1) and (Ip) = @*(I'1), so the analytic isomorphism class of the Simon pair introduced
below is intrinsic. Newton polyhedra themselves depend on coordinates and will be used only as
computational presentations of this intrinsic pair.

Theorem [3.1]is what allows us to pass from Lyapunov=Schmidt reduction to singularity theory
without retaining the auxiliary choices made in the Banach-space splitting. We may henceforth
regard I not as a particular reduced representative, but as an intrinsic finite-dimensional singularity
attached to (E,0). We now identify the algebraic datum that records exactly the relation between
its energy and its gradient.

3.2 The intrinsic Simon pair

Fix linear coordinates K = R” and let Ag = R{xy,...,x,}. For an ideal I = (g1,...,8s) and a
real analytic arc y: (R,0) — (R",0), write vy(I) = min;ord;(gjoy). We use the real integral
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closure characterized by the real curve criterion, h € 7" if and only if ord,(hoy) > vy(I) for
every real analytic arc y; equivalently, |h| < Cmax;|g;| near the origin; see Gaffney—Aratjo dos
Santos [19, Definition 2.1 and Proposition 2.2]. For 0 # h € Ag with h(0) =0, set

.ﬁ/ﬂ(ﬂs)(l) = inf{lq’ €Q-p: X EH’R} .

For a nonzero reduced energy I', define its Simon pair by

2 :=U(D),[I), JI)= (g;,...,g;) .

The name is new notation for the classical relative-ideal problem naturally selected by Simon’s
gradient inequality: J(I') measures the gradient, while (I') measures the energy. By Theorem[3.1]
its analytic isomorphism class is intrinsic to (E,0).

The following is the central bridge from the Banach functional to the classical valuative theory.
The arc/inequality equivalence for real integral closure is due to Gaffney—Araijo dos Santos [19];
the real-analytic blowup and rationality mechanism is developed by Bochnak—Risler and in Risler’s
appendix to Lejeune-Jalabert—Teissier [5,[26]. The finite-max viewpoint is also a special case of
the modern relative-threshold framework in [21].

Theorem 3.4. Assume the hypotheses of Section @ and suppose ' £0. Let w: K— (K,0) be a
common real analytic principalization of J(I') and (I"), whose existence follows from real-analytic
principalization in characteristic zero, for example from Bierstone—Milman [4], and let Fy,...,F;
be the irreducible components of the resulting normal-crossing divisor whose images contain 0.
Then

B v ordg,(J(T))
Ous(E,0) = £ (J()) = S‘;p YVYT " ord (0)>0 ordg(T)

where the supremum is over real analytic arcs with T'oy# 0. In particular, the optimal Banach

t ojasiewicz—Simon exponent is rational and is attained by a divisorial order on the intrinsic reduced
singularity.

Proof. By Theorem [2.4] it is enough to compute the finite-dimensional gradient exponent of
I". After choosing coordinates on K, all norms on K* are equivalent, so ||DI'||g+ is comparable
with max;|dI'/dx;|. Hence an exponent ¢/p is admissible exactly when, after shrinking the

neighborhood,
P

4 < _
| (Im]ax 7,

By the real integral-closure criterion of Gaffney—Araljo dos Santos, this is equivalent to

v eJmr,
and, by the real curve criterion, to
qvy(I) = pvy(J(I'))

for every real analytic arc vy with "oy £ 0. The admissible exponents form an upper interval and
the positive rationals are dense, so taking the infimum over rational g/p gives the same infimum
as in the definition of 6. Therefore

J(T
00(1"0) =, (U()) = sup W
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It remains to justify the finite divisorial maximum. On a common real analytic principalization
7, around each point of £71(0) there are local coordinates yi,...,ys and analytic units u,v such
that
T'(0) =uyf' -y, aUI)-Op = (v 5.

Thus the pulled-back monomial quotient is locally bounded if and only if ga; > pb; for every divisor
component through the chart. To compare the principal generator with the original Jacobian
generators, write J(I') = (g1,...,8~). On the chart there are analytic functions a; such that
gjon:ajvyﬁ" ---ybs . Conversely, because these pullbacks generate the principal ideal (vyll" yb),
there are analytic functions ¢; such that vyll" ---y’s’s = ):]-cj(gjon'). Hence, on every relatively
compact subchart meeting 77!(0),

b b
clvyft -y < max |g; o7 < C vy coyb]

for suitable positive constants ¢,C. If the divisor inequalities hold for all components meeting
n=1(0), the quotient

| T4

b by

‘vyll yv ‘p

is locally bounded. Properness of  and compactness of the fiber 77!(0) give finitely many such
charts and uniform constants after shrinking the base. The two-sided comparison above then
gives the required inequality in terms of max;|g;| downstairs. Conversely, any analytic inequality
downstairs pulls back and forces ga; > pb; along each component. Therefore

ordy, (/(I))
= max ——F—
ordr, (0)>0 ordg, (T7)

This is the real-analytic blowup mechanism of Bochnak—Risler and Risler [5,26]. The maximum
is finite and rational, completing the proof. ]

Corollary 3.5. Let m =ordyI". Under the hypotheses of Theorem

1 -
OLs(E,0) = T~ = mile J(l")’"]R
m

Proof. The containment says exactly that (m—1)/m is admissible, while Theorem gives the
reverse inequality. Conversely, if the optimal exponent equals (m— 1)/m, Theorem shows that
the optimum is attained and hence admissible, giving the stated containment. O

Theorem [3.4] gives an intrinsic description of the exponent, but not yet a directly computable
one: it expresses the answer through real analytic arcs or through a principalization of the
Simon pair. We next relate this description to more explicit complex-algebraic and Newton-
polyhedral calculations. The essential issue in passing from the complex problem back to the real
tojasiewicz=Simon exponent is whether a valuation computing the complex exponent is visible
on the real locus.

13



3.3 Complex and Newton computation

Let I'c € C{zi,...,z,} be the complexification of I" and define the complex relative exponent
0c(T) :.,2”((}3@)(](1“@)) using ordinary integral closure. Restriction of a complex gradient inequality
to the real locus immediately gives 61s(E,0) < ¢ (T"). By the classical Rees valuative criterion,

v(/(I'c))
0c(T) = max o)
where v runs through the Rees valuations of J(I'c); see [21,25]. Thus the only extra issue
in passing from the complex algebraic problem to the actual real tojasiewicz—=Simon exponent
is whether the extremal complex valuation is visible on the real locus. One useful sufficient
mechanism is completely elementary: if the complex maximum is computed by finitely many
monomial valuations in real coordinates, then the real and complex exponents coincide. Indeed,
for any positive integral weight u, a point ¢ € (R*)" can be chosen outside the zero sets of
the finitely many w-initial forms of I and the chosen generators of J(I'). The monomial arc
t— (cit™,. .. c,t") then realizes the same weighted orders on the real locus. We will use precisely
this observation in the Newton case below.

Bivia-Ausina [2] develops Newton-polyhedral estimates for relative tojasiewicz exponents,
while [3] studies Newton-nondegenerate ideals, their use in computing tojasiewicz exponents, and
in particular Newton nondegeneracy of Jacobian ideals. Applying the standard monomial/Rees-
valuation mechanism to the Simon pair gives the following convenient computational consequence.

Corollary 3.6. Assume I'c has an isolated critical point at the origin and J(I'c) is Newton nonde-
generate. Let A (J(I'c)) be the primitive inward normals to the compact facets of the Newton
polyhedron of J(I'c). Then

vu(/(I))
OLs(E,0) = 6c() = max
(E.0) o ue N (I(Te))  Vi(T)
Moreover, every maximizing monomial valuation in this formula is realized simultaneously on J(I")
and I by a real analytic monomial arc.

Proof. The isolated-critical-point hypothesis makes J(I'c) m-primary. By Bivia-Ausina’s Newton-
nondegeneracy criterion [3, Theorem 3.4], its integral closure equals that of its Newton monomial
model, whose Rees valuations are the monomial valuations associated to the primitive inward
normals of the compact facets [25]. Complexification does not change the supports of I or its
partial derivatives, so the corresponding weighted orders agree over R and C. For a fixed positive
integral weight u, choose ¢ € (R*)" outside the zero sets of the finitely many wu-initial forms of T"
and a set of generators of J(I'). Then the real arc t — (c11*1,...,c, ") has exactly the prescribed
weighted orders. Hence the real arc supremum in Theorem |3.4]is at least every facet ratio, while
restriction from the complex inequality gives the opposite inequality. L]

For computations one may read the two weighted orders directly from the support. If I'(x) =
Yo cax® and u € Z- ), then

vu(T) = Cm;r(l)<u, a),  v,(J(I)= ml.ingl;%(w, o) — up),
a;>0

with the inner minimum interpreted as +oco when the corresponding partial derivative vanishes
identically. These are elementary support identities; no separate Newton theorem is involved.
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Example 3.7. For T'(x,y) = x> +y'%, one has m =3, so Theorem|2.5 gives only 6x(T’,0) >2/3.
But J(T') = (3x%,100y%°) is monomial. Its compact Newton edge has primitive inward normal u =
(99,2), for which v,(J(T')) = 198 and v, (') = 200. Hence Corollary (3.6 gives 8(I",0) = 99,/100.
The same ratio is already visible on the real y-axis. Thus higher-order terms may create much
slower directions when the leading homogeneous obstruction has a non-isolated critical set.

The preceding example shows in particular why the order of the reduced germ alone need
not determine the optimal exponent: singular directions of its leading term may expose much
higher-order behavior. To show that the valuative framework can nevertheless lead to closed
formulas even for highly singular germs, we now turn to a determinantal family of sum-of-squares
singularities. Besides providing a substantial class of explicit Simon-pair computations, this family
will supply the algebraic model for the higher-dimensional SU(2) Yang—Mills application.

3.4 Determinantal Simon pairs

The preceding valuative description admits a closed-form calculation for a broad family of de-
terminantal sum-of-squares singularities; we use standard determinantal notation as in [6]. Let
Mat,, ,(R) be the space of real m x n matrices and put r =min{m,n}. For 0 < j<r, let I; denote
the ideal generated by the j x j minors of the generic matrix, with I = (1), and define

Q;(X):= Y det(Xap)?  Qo=1,
Al=IB=j

where the sum ranges over all j-element row and column subsets. We set Q; =0 for j > r.

Lemma 3.8. For 1 <k <r one has the polynomial identity

k—1

IVOR(X)|[F =4 ) 20+ 1)0k1-¢(X) Qi 1e(X),

=0
where || - || is the Frobenius norm.

Proof. Both sides are invariant under left and right orthogonal transformations and are polynomial
in the entries of X, so it is enough to verify the identity on the dense set of matrices with distinct
positive singular values. Write these singular values as o7,...,0, and put @; = 612. By Cauchy—
Binet, Q;(X) =ej(ai,...,a,), where e; is the j-th elementary symmetric polynomial. At a diagonal
singular-value matrix, the stabilizing sign changes in the left and right orthogonal groups force
all off-diagonal entries of the gradient to vanish (and likewise the entries in any rectangular zero
block). Its i-th diagonal entry is dQy/do; = 20;ex—1(ay, ..., a;,-..,a,). Hence

1 4 ~
Z||VQ1<H12p =Y aiew1(@)*.
i=1

It remains to prove the symmetric-function identity
k—1

Y aiec1(@)> =Y (20+ Dex—1—rerss-
7 =0

15



Let E(z) =[L:(1+aiz) = ¥ ;s0e;2’. The left-hand side is the coefficient of x*~1y*~1in

a; _ xE'(x)E(y) —yE'(y)E(x)
E(X)E(y);(1+aix)(1+aiy) B X=y .

Pairing the terms with bidegrees (p,q) and (¢,p), p > g, gives

xPyd — xyP
(p—q)epeg————.

-Y
A diagonal monomial x*~1y¥=1 occurs in this expression precisely when p+¢ = 2k —1, and then
occurs once, with coefficient p—q. Writing p=k+¢ and g =k — 1 —/ gives exactly the displayed

sum. This proves the identity. ]

Theorem 3.9. Fix 1 <k <r. In the real analytic local ring at any matrix Xy one has

—R R —R — R
Q) =1 . J(Ox) =D 1l -
If rank Xy = s < k, then the optimal tojasiewicz gradient exponent of Qy at Xy is

1

1_2(l<—s)'

In particular, at the origin the exponent is (2k —1)/(2k), whereas on the rank-(k—1) stratum it
is1/2.

Proof. Let y:(R,0) — (Mat,, ,(R),Xo) be a real analytic arc. If Loy=0, then Qxoy =0 and,
because Qy is a sum of squares of the k-minors, J(Qx) oy =0 as well. Thus assume that oy #0.

Over the discrete valuation ring R{s}, Smith normal form gives invertible analytic row and
column operations; such operations do not change the orders of the determinantal ideals. The
nonzero invariant factors have orders 0 < a; <--- < ap, where p is the generic rank of the arc. Put
Aj=a1+---+oj for j<p and A; = 4o for j > p. The determinantal ideals satisfy v (I;) =A;.
Since Q; is a sum of squares of the j-minors, there is no cancellation over a real arc and therefore
vy(Qj) = 24;.

Applying Lemma and again using positivity of the sum of squares and of all coefficients
gives

vy((Q) = min (Ax1-r+Akie),

where a term is 4o when k+ ¢ > p. For a finite term,

¢
Ari—0H Ao — (Apo HAx) = Z Oy j— O—j) >0,
j=1
so the minimum occurs at £ =0. Hence

Vy(J(Or)) = Ar—1 +Ar = Vy(Ik—11x).-

Together with vy(Qy) =24, = v,,(l,?), the real arc criterion gives the two integral-closure identities.
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Now suppose rankXy = s < k and let h =k —s. For every arc not contained in V(I;), exactly
the first s invariant-factor orders are zero, so

vy (J(Or) 1 Ay

v(Qk) 2 247

Since Ay = g1 +---+ 0oy and oy is at least the average of these h terms, one has Ay | = A — oy <
(h—1)Ax/h. Thus every arc ratio is at most 1—1/(2h). Equality is realized by an arc which,
after orthogonal row and column changes putting Xy in singular-value normal form, keeps its s
nonzero singular values fixed and turns on A additional diagonal entries linearly in . The real arc
characterization of the finite-dimensional gradient exponent used in the proof of Theorem [3.4]
applied after translating Xy to the origin, yields the stated exponent. O

Theorem shows in particular that the nominal homogeneous bound is sharp for Q; at
the vertex even though Q; has a large non-isolated critical set. The exponent then decreases in
discrete steps along the rank stratification.

The determinantal calculation illustrates the algebraic side of the theory: the optimal exponent
can be read from the way the Simon pair interacts with the rank stratification. Before turning
to the PDE applications, we briefly recall the dynamical meaning of the optimal exponent. This
also exposes a distinction that is invisible in the algebraic formula itself: divisorial attainment of
the optimal ratio does not automatically imply realization of that divisor by an actual gradient
trajectory.

3.5 Dynamical outlook

The usual consequences of a tojasiewicz=Simon inequality for gradient-like evolutions remain
available in the asymmetric setting. For an equation i = —.<f (u)M (u) with the standard coercivity
and boundedness assumptions on 7 (u) : Y — X, a trajectory converging to 0 decays exponentially
when s = 1/2; if 6 = 615(E,0) > 1/2, then

E(u(1)) =E(0) < C(1+1)"" @D lu(n)|[x < C(141)~ (=007,

See Simon [27], Chill [8], and Chill-Haraux—Jendoubi [9]. These are standard upper bounds; the
Simon-pair formula raises the separate question of whether an extremal divisor is dynamically
realized.

Problem 3.10. Letv be a divisorial valuation computing 6.s(E,0) =v(J(T"))/v(I"). Find geometric
or dynamical conditions guaranteeing a gradient-like trajectory whose asymptotic orders realize
v. More generally, determine which extremal divisors of the intrinsic Simon pair are dynamically
realizable.

This is stronger than the existence of a slowly converging trajectory. In Example[3.7] however,
the extremal direction is realized: the Euclidean negative gradient flow preserves the y-axis, where
y' = —100y” and hence y(r) <t~ !/% exactly the decay rate predicted by 6z =99/100.

With the abstract reduction and its algebraic invariants now in place, we turn to genuinely
infinite-dimensional applications. The goal is not merely to recover a t.ojasiewicz—Simon inequal-
ity, but to identify the reduced singularity sharply enough to determine its optimal exponent.
Yang—Mills theory provides a particularly clean first test: on flat tori the kernel consists of ex-
plicit harmonic modes, and for SU(2) the resulting reduced energy is precisely a determinantal
singularity of the type computed in Theorem [3.9

17



4 Application to the Yang—Mills Functional

4.1 Analytic setup and compatible splitting

Let G be a compact Lie group with Lie algebra g, equipped with an Ad G-invariant inner product.
Let T? = R?/Z? carry the flat metric, let P =T? x G be the trivial G-bundle, and let ® denote
the trivial flat connection.

We parameterize connections near ® by A = ®+a, where X = WHP(T%; Al @ g) and p > 2.
Since p >2 and dimT? =2, Sobolev embedding gives W!? < C? < L*_ In particular, the quadratic
term [a Aa] belongs to LP C L?, and the Yang—Mills energy is well-defined on X.

Let ¥ := (W' (T%A' ®@g))”, where p' is the conjugate exponent to p; we denote this space
by W17 in the present convention. Since p’ <2 < p, the inclusion W'» < W' is continuous.
Hence distributional duality gives a continuous pairing (-,-)yx : ¥ x X — R which separates points
of Y.

The Yang—Mills energy is

1 1
é"(A):EHFAH%Z, F®+a=da+§[a/\a].
To remove the infinitesimal gauge degeneracy at ©, define the gauge-fixed functional
1 2 1 * 112
6us(a) = 5 | Foral 2+ 5 1d"all3.

For b € X, integration by parts gives déyi(a)[b] = (d§, Fora +dd*a,b)yx. Accordingly, set
M (a) = dg, Fora+dd*a. Thus déy(a)[b] = (A (a),b)yx.

These analyticity properties are standard in the Yang—Mills tojasiewicz—Simon theory; see,
for example, Feehan—Maridakis [17, Proposition 3.1]. We verify them here in the Sobolev scale
used below.

Lemma 4.1. Let p>2. The gauge-fixed functional & : X — R and the gauge-fixed map A :
X — Y are real analytic. In fact, both are continuous polynomial maps.

Proof. The curvature Fg, = da+%[a/\a] is a continuous polynomial map from X into L?. Indeed,
WP < L=, so [aAa] € LP. The operator d* maps L? continuously to W17, while the zero-order
bracket contraction involving @ and an L? two-form is a continuous bilinear map X x LP — LP —
W~Lr Hence a+— dg Fo+aq 1s a continuous polynomial map into Y. The term dd*a is linear
from X to Y, so .# is a continuous polynomial. The functional & is obtained by integrating L2
inner products of polynomial expressions. Since L? < L? on the compact torus, these multilinear
forms are continuous. Thus & is also a continuous polynomial, of degree at most four. ]

The Hodge—Fredholm assertions below are standard elliptic theory; compare the Sobolev
Fredholm framework in Feehan—Maridakis [17] and Feehan [14].

Lemma 4.2. The following statements hold.

1. The linearization of .# at 0 is the Hodge Laplacian

D#(0)=Ay:=d*d+dd" : X —Y.
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2. Its kernel is
K =kerAy ={&dx+ndy:E,negt=gdyg,

so dimK = 2dimg.

3. There is a topological direct sumY =RanAy ® K. Consequently Ay : X — Y is Fredholm of
index zero.

4. The operator Ay is symmetric with respect to the distributional pairing.

Proof. Since Fgi, =da+ %[a/\a], the linear part of dg, ,Fera at a=0is d*da, and the gauge-
fixing term is linear. Hence D.# (0) =d*d+dd* = Ay.

If ue X and Ayu=0 in Y, then u is distributionally harmonic. Elliptic regularity makes u
smooth, and therefore u is a harmonic one-form. On the flat torus with trivial coefficient bundle,
harmonic one-forms are constant, giving the displayed description of K.

Regarding smooth harmonic forms as elements of ¥ by the L? pairing, let Py : Y — K be
harmonic projection. Standard elliptic solvability in the scale W!'? — W~1-P gives ker Py = RanAy
and therefore

Y = RanAy ®K.

The range is closed and has codimension dimK, so Ay is Fredholm of index zero. Finally, distri-
butional integration by parts gives

(Apgu,v)yx = /Jl‘2 ((du,dv) + <d*u,d*v>) = (Apv,u)yx.

Choose an L*-orthonormal basis {ej}i_) of K, where r =2dimg. Define

r

r
Pyu= Z(u,€j>L2€j, AT = Z<T,€j>y’xej,
Jj=1 j=1

and set Z =kerPy. Exactly as in the SU(2) case, Py and Py are bounded, ker Py = RanAy, and
X=K&Z, Y =RanAy & K.

Moreover Z° = K: every k € K annihilates Z by L? orthogonality; conversely, if T € Z°, then for

u = Pyu-+z one has
p

Z ue] 12 Te] Y.X,
J=1

so T agrees on the dense subspace X € W' with the element Y.i(T,ej)e; € K and hence equals
it. Finally, the restriction map K — K* is the finite-dimensional Riesz isomorphism. Thus all
compatibility hypotheses of Section [2] hold.
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4.2 Exact Lyapunov—-Schmidt reduction

For G=SU(2), Feehan [15, Example A.2 and Theorem A.4] describes the corresponding harmonic
Kuranishi model and the singular local flat-connection space. The calculation below is valid for
every compact G and gives the exact reduced energy in the present gauge-fixed formulation.

Lemma 4.3. The Lyapunov=Schmidt correction vanishes identically. Under the identification
K=gdy, .
Ler(§,m) = x(|[E,n)”, k= EVol(Tz) > 0.

Proof. Let k=&dx+mndy € K. Since k is constant, dk =0 and d*k = 0. With the standard
graded bracket convention,

[k Ak]=2[8,n]dxNdy,  Fesx =[5, n]dxNdy.

This curvature is constant, so d*Fgx = 0. Hence .# (k) = d§ Fo.x is obtained by algebraic
contraction of constant forms and is itself a constant g-valued one-form. Thus .# (k) € K.

Let R=1— Py be the projection onto RanAy along K. Then R.# (k) = 0 for every sufficiently
small k € K. The transverse Lyapunov—Schmidt equation therefore has z =0 as a solution for
every k, and uniqueness in the implicit function theorem gives y(k) =0. Since d*k =0,

Fu(k) = £(©-+K) ~ £(©) = TVol(P) g, > O

4.3 The optimal exponent for a compact structure group

The quartic reduced energy is naturally a norm-square of a moment map. This permits the SU(2)
computation to be extended without using the special three-dimensional Gram identity.

Lemma 4.4. Let V = g®g with its product inner product and symplectic form

@((&1,M), (82,M2)) = (61,M2) — (M1, &2)-

For the diagonal adjoint action of G onV, the map

pEn)=I[Encg=g

is @ moment map, up to the harmless sign convention for moment maps. Consequently, if
q(&,m) = ||[E,n]||?>, then there are C,& > 0 such that

q(&,1)** <C||Dg(€,n)||

whenever ¢(§,m) < €.

Proof. For { € g, the infinitesimal diagonal action is &y (&,n) = ([§,&],[¢,n]). By invariance of
the inner product, for a tangent vector (u,v),

o(&v(§,m), (u,v)) = ([§,&l:v) = ([&,nl,u)
= (&[S, + [u,n])
= D([&,n],O)[(u,v)].



Thus u(&,m) =1[€,n] is a moment map for this linear compact-group action. The G-invariant
complex structure J(&,m) = (—n,&) makes V a unitary linear representation. Fisher |18, Theo-
rem 4.7] proves that the norm-square of a moment map associated to a linear action of a compact
group satisfies a gradient inequality with exponent 3/4. Applying that theorem to g = ||u||?> proves
the claim. O

Theorem 4.5. et G be a compact Lie group with Lie algebra g, let ® be the trivial flat connection
on T2, and let p > 2.

1. If g is abelian, then
1

OLs(&yr,0) = ok

2. If g is nonabelian, then there are C,e > 0 such that
| Earla) = Eur(0)/* < ClJ22 (@) -1

fOI’ HaHWlp < 8, and

3
OLs (&4f,0) = R

Proof. By Lemmasand , Theoremapplies, and Lemmagives Te(€,1) =x|[&. 7]
If g is abelian, this reduced germ is identically zero. Proposition and Theorem [2.4] then give

the optimal exponent 1/2.
Suppose g is nonabelian. Then Iy is a nonzero homogeneous polynomial of degree four, so

Theorem gives
3
GR(Fgfu 0) > Z
On the other hand, Lemma [4.4] gives the reduced gradient inequality with exponent 3/4, so
Or(Lgr,0) < 3/4. Therefore Og(I'sr,0) = 3/4, and exact reduction gives the same value for &.
Since Theorem identifies the sets of admissible exponents, the displayed full Banach inequality
follows as well. O

The same argument gives the ungauged estimate on the linear Coulomb slice.
Corollary 4.6. Assume that g is nonabelian and let
S ={ac WP (T*A ' @g) : d*a = 0}.
Then there are C,€ > 0 such that
E(@+a)— E@)* < Clldy,oForallw v
for a € .7 with ||a|lw1» < €. The exponent 3/4 is optimal.

Proof. On .77, one has &(a) = &(®+a) and . (a) = dg,, ,Fo+a. SO the inequality follows from
Theorem [4.5] For optimality, choose ko = §dx+mndy € K with [£,1] #0. Then tkg € . and the
exact reduced formula gives

Tyt(tho) = t*Tee(ko),  Tar(ko) > 0.
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Since I'ys is homogeneous of degree four, Euler's identity gives DI'gt(ko) # 0, and therefore
IDT gt (tko)|| = [¢[* | DT gt (ko) I

The gradient identity and the finite-dimensional isomorphism p then give ||.# (tko)||ly -1, < |t]>.
Hence no exponent smaller than 3/4 can be admissible. O]

If g is nonabelian, the reduced critical set is the commuting-pair variety

CritTyr = {(&,m) : [§,n] = 0}

Indeed, the inclusion from right to left is immediate. Conversely, since 'y is homogeneous of
degree four, Euler's identity implies that DI'x(§,1) = 0 forces 4I¢(&,m) =0, hence [§,n] =0.
At the origin this critical set contains both g x {0} and {0} x g but is a proper subset of g g. It
therefore cannot be a smooth submanifold at the origin: any tangent space there would contain
both coordinate subspaces and hence all of K, which would make a smooth critical submanifold
locally open. Thus the product connection is not Morse-Bott whenever g is nonabelian. In the
SU(2) case this agrees with Feehan [15 Corollary A.10].

Theorem determines the optimal exponent at the product connection on T2 for every
compact structure group. For SU(2), however, the special three-dimensional structure of the
Lie algebra allows one to go further: in every torus dimension the constant-mode reduced energy
becomes a determinantal sum-of-squares singularity. We now exploit this identification not only at
the product connection, but also along the nearby stratum of nonzero constant flat connections.

4.4 SU(2) over higher-dimensional flat tori

The exact constant-mode reduction persists in every dimension for the trivial SU(2) bundle over
a flat torus, while Theorem [3.9 computes the resulting singularity.

Theorem 4.7. Letd > 2, let TY =R? /74 carry its standard flat metric, and let P =T x SU(2)
be the trivial bundle with product connection ®. Choose p >d, put X; = WIP(T%; Al @ 5u(2))
and Y; = (WP (T4 A @ 5u(2)))*, and denote the gauge-fixed functional and its gradient map
by &sta and My. Then the Lyapunov=Schmidt correction with respect to the harmonic splitting
vanishes identically and, writing a harmonic one-form as k = Z?: 1 Eidx;,

La(Grn&a)=xa ), 6P

1<i<j<d
for a constant x; > 0. Consequently,

3

OLs(Sera,0) = 1

Moreover, every sufficiently small nonzero constant flat connection ® +ky has optimal exponent
1/2 for ggﬂd.

Proof. The analyticity and Hodge—Fredholm arguments are the same as in the two-dimensional
case. The harmonic space is
K; = H' (T su(2)) = su(2),

22



and consists precisely of the constant one-forms. Fix the harmonic splitting X, = K; @ Z and let
R :Y; — RanAgy be the corresponding transverse projection, so that kerR = K; =Z°. Let

k= éidxi cK,;.

d
=1

1

Then dk = d*k =0 and Fo 1« = ¥, (&, §;]dx; Adx;. All coefficients are constant. Hence the
gauge-fixed gradient .#;(k) is itself a constant su(2)-valued one-form, and therefore belongs to
K,. It follows that R, (k) = 0 for every sufficiently small k € K;. Since z=0 solves the transverse
Lyapunov=Schmidt equation and its small solution is unique, the correction vanishes identically:
y(k) =0. Thus the reduced energy is exactly the restriction of the gauge-fixed energy to Kj:

LG &) =xa ), NG &IP

1<i<j<d

for some x; > 0.

Choose an orthonormal identification su(2) = R3. Up to a fixed positive factor, the Lie bracket
becomes the cross product. If X is the 3 x d matrix with columns &,...,&;, the Cauchy—Binet
identity gives

Y 1IE % &]1° = 02(),

1<J
where Q, is the sum of the squares of the 2 x 2 minors of X. Hence I'y = KZJQQ for some
K“/J > (0. The determinantal tojasiewicz theorem, applied with k =2 at the rank-zero matrix,
yields 6rs(I'y,0) =1— ﬁ = %. Because the Lyapunov—Schmidt reduction is exact, the full and

reduced germs have the same optimal exponent. Therefore GLS(ggf,d,®) = %.

Now let ky = Zf"zl éiodxi be a sufficiently small nonzero constant flat connection. Flatness
means [&; ,é})] =0 for all i, j. Every abelian subalgebra of su(2) is one-dimensional. Thus all
nonzero éio are collinear, and the associated 3 x d matrix Xy has rank one. We now justify the
reduction at ko without assuming that K is the kernel of the Hessian there. As ky — 0, we have
RD.#4(ko)|z — Aul|z in operator norm. Since Ag|z is an isomorphism, RD.#;(ko)|z remains an
isomorphism for all sufficiently small ky. Write a point near ko uniquely as ko +h+z, with h € K,
and z € Z. The implicit-function theorem gives a unique analytic transverse correction z =y, (h).
For every small h € K, the form ko+h is constant, so R.#;(ky+h) = 0. Uniqueness therefore
implies y, (h) = 0.

The recentered reduced energy is consequently fko (h)=T4(ko+h)—Ty(kg). For completeness,
the full and reduced optimal exponents still agree at kyg. Along the reduction manifold, we have
My(ko+h) € Kg =Z°, and restriction gives DLy, (h) = p(.#(ko+h)), where p : Z° — K} is an
isomorphism. Hence the reduced gradient norm is equivalent to the full gradient norm along z=0.
For general small & and z, uniform invertibility of

1
/0 RD.//d(ko —‘rh—i-SZ)‘ZdS

gives the transverse estimate ||z||x, < C||.#y(ko+h+2)|ly,. Using K; = Z°, integrating the energy
along the segment in the z-direction, and applying the preceding estimate yields

|Euta(ko+h+2) = Ealko+h)| < C|l.Ma(ko+h+2)|]3,.
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Lipschitz continuity of . also gives ||DLy, (h)|| < C||.#4(ko+h+2)]ly,.

These estimates transfer every reduced tojasiewicz inequality with exponent 6 > % to the full
functional. Conversely, restriction to z =0 transfers every full inequality to the reduced germ.
Thus their optimal exponents coincide. Finally, applying the determinantal theorem to Q, at the
rank-one matrix Xy gives

~ 1 1
[,0)=1——=—.
6LS( koao) 2<2_ 1) )
Therefore Os(&yt,a,0+ ko) = % We have completed verifying both assertions. L]

4.5 The determinantal SU(2) model on the two-torus

Ford =2, write & = (x1,x2,x3) and ) = (y1,y2,y3) under an orthonormal identification su(2) = R3.
Let m = (x1,x2,X3,¥1,)2,y3) and let I = (Ai2,A13,A23), where A;; = x;y; —xjy;. Up to a positive
constant, the reduced energy is g(&,1) = ||E|]?|n|]> — (§,n)% = A2, + A2, + A2;.

Corollary 4.8. With the notation above,

—R R —R —R
(@ =1, Jg) =ml.
The ordinary order valuation at the vertex computes the optimal ratio 3/4. At every nonzero
rank-one point of the determinantal cone Vg(I), the local gradient exponent of q is 1/2.

Proof. Apply Theorem[3.9to a 3 x2 matrix with k=2. Then L =1, I =m, and 0, = q. At the
origin, ord(g) =4 and ord(J(g)) =3, so the ordinary blowup valuation gives 3/4. The rank-one
statement is the case s = k—1 of the same theorem. O

The Yang—Mills application is a case in which geometry identifies the reduced energy ex-
actly, after which the optimal exponent can be read from a concrete algebraic singularity. The
next application exhibits a complementary phenomenon. For a resonant semilinear equation the
transverse correction is generally nonzero, and the central problem is instead to determine how
successive terms of the reduced germ emerge when lower-order obstructions cancel. The semi-
linear model therefore tests the higher-order content of the intrinsic reduction rather than only
its exact-restriction case.

5 A resonant semilinear Dirichlet energy

5.1 Setting and main result

Let Q C R? be a bounded, connected domain with C'"! boundary. We impose homogeneous
Dirichlet boundary conditions. Fix an integer N > 3, a real number A, and an exponent p >
max{d,2}, with p" = p/(p—1). Consider the energy of the semilinear model

1 1
éEn(u) :E/Q(]Vu\z—luz) dx+N/QuNdx.

*

We use the asymmetric Banach pair X := W, ”(Q) and Y := (WOI”’/(Q)) = W-P(Q). Since
p > 2, the inclusion X — Wol"p/(Q) is continuous, so restriction of the duality on Y x Wol’pl gives
a continuous pairing on Y x X. Moreover, p > d gives X — L*(Q).
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For u,v € X, we compute déy(u)[v] = [o(Vu-Vv—2Auv+uV"W)dx = (My(u),v)yx, where
My(u) = —Apu—Au+u¥"1 €Y and —Ap : X — Y is the weak Dirichlet realization, defined by
(=Apu,®) = [, Vu-Vedx, and distinct from the self-adjoint L? Dirichlet Laplacian. To avoid
ambiguity, write op(—A) for the spectrum of the self-adjoint Dirichlet Laplacian on L?>(Q). The
map .#y : X — Y is a real-analytic polynomial, and its derivative at the origin is L := D.Zy(0) =
—Ap—Al:X =Y.

The optimal exponent depends on whether A is a Dirichlet eigenvalue.

Theorem 5.1. The following statements hold.
1. IfA ¢ GD(—A), then GLS(é”N,O) = 1/2

2. Suppose A € op(—A) and let K =ker(—Ap—AlI). If DPy(§) #0 for every & € K\ {0}, where

Py(E) = L [o €N dx, then
N-—1
BLs (6, 0) = =~

In particular, this conclusion holds for every even N, regardless of the multiplicity of the
eigenvalue.

3. Suppose A € op(—A) and Py vanishes identically on K. Let Z be the L*>-orthogonal com-
plement of K in X. Then EN=! € RanL for every & € K, and the homogeneous polynomial

Dona(E):= —% <§N717 (L’Z>71‘:N71>Y,X

is well-defined on K. If D2yn_»(§) # 0 for every & € K\ {0}, then

2N -3
OLs(é,0) = 51—

The three cases of Theorem correspond to successive levels of degeneracy of the reduced
problem. Away from resonance there is no kernel and hence no residual singularity. At resonance,
the first possible obstruction is the restriction Py of the nonlinear energy to the eigenspace K;
when Py vanishes identically, the transverse correction generates the next obstruction Qoy_>. We
now establish the compatible Fredholm splitting and compute the reduced energy to the order
needed to make this hierarchy precise.

5.2 The Fredholm Hessian and compatible splittings

Lemma 5.2. Preserving the notation L= —Ap — Al : X —Y from above, we have
1. The operator L is symmetric and Fredholm of index zero.

2. Its kernel is the finite-dimensional eigenspace K :=kerL={§ € X : —ApE = A}

3. There are compatible topological splittingsX =K®Z,Y =RanL® K, and RanL = K°, where
Z is the L*-orthogonal complement of K in X, K is embedded in' Y through the L* pairing,
and K°:={T €Y : (T,k)yx =0 for every k € K}.
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Proof. Let A= —Ap+1:X —Y. The standard WOI”’ theory for the Dirichlet Laplacian on a
bounded C'! domain makes A a topological isomorphism for 1 < p < oo; see, for example, Gris-
vard [22]. The natural inclusion J: X — Y is compact: Rellich compactness gives a compact
inclusion X < LP(Q), while LP(Q) < Y continuously. Since L=A — (A +1)J, it follows that L is
a compact perturbation of an isomorphism. Thus L is Fredholm of index zero. Its kernel consists
exactly of the L? Dirichlet eigenfunctions at A; elliptic regularity places these eigenfunctions in
X, and hence K is finite dimensional.

For u € X, the distribution Lu € Y is defined weakly by (Lu,@) = [(Vu-V@ —Au@)dx for
(0NS Wol'p/(Q). Taking ¢ =v € X gives (Lu,v)yx = [o(Vu-Vv—Auv)dx. The right-hand side is
unchanged when u and v are interchanged. Hence (Lu,v)yx = (Lv,u)yx. Thus L is symmetric
with respect to the specified pairing.

Choose an L*-orthonormal basis ey, ...,e, of K and define Pyu := Z;:l(u,ej)Lzej and Z :=
kerPx. This yields X = K@ Z. Define similarly T := Z§:1<T, ej)yxej. Symmetry gives RanL C
kerPy. Since L is Fredholm of index zero, codimRanL = dimK = r, while Py : Y — K is onto
and hence codimkerPy = r. Therefore RanL =kerPy and Y =RanL® K. Symmetry also gives
RanL C K°; again both closed subspaces have codimension r, so RanL = K°.

The restriction map p: K — K*, p(k)(h) = (k,h);2, is the finite-dimensional Riesz isomorphism.
To see that K = Z°, note first that every k € K annihilates Z by L? orthogonality. Conversely,
if T €Z°, then for u= Pyu+z € X one has (T,u) =Y ;(u,e;);2(T,ej). Thus T agrees on X with
the element Y ;(T,e;)e; € K; since X = WOI""(Q) is dense in VVOI”’/(Q), the two elements of Y are
equal. Finally, L|z : Z — RanL is an isomorphism. O

5.3 Lyapunov—-Schmidt reduction

Let R:=I—Py:Y —RanL. For § e K and z€ Z, define F(§,z) :=RAn(E +7z). Since D,F(0,0) =
L|z:Z — RanL is an isomorphism, the analytic implicit-function theorem gives neighborhoods of
the origin and a unique analytic map v : K DV — Z satisfying y(0) =0, Dy(0) =0, R4y (& +
y(§)) =0.

Definition 5.3. The reduced energy is the finite-dimensional analytic function

L&) :=én(é+w()), <EeVCK.

It is the effective energy obtained after solving the Euler—Lagrange equation in every transverse
direction. The exact-reduction theorem gives 6 s(éy,0) = 6g(I',0); in fact, the two sets of
admissible exponents coincide.

The next result considers the leading terms of the reduction. Fix any norm on the finite-
dimensional space K and its associated dual norm on K*. The asymptotic orders below are
independent of this choice, although the implied constants may change.

Lemma 5.4. Let A:=(L|z)"':RanL — Z and g(&) :=R(EN™1). As& — 0 in K, one has

w(&) = —Ag(&) +Oo(IE1* ),
1

(&) = Pn(§) — 5(2(8).Ag(&)hrx + O(IIE ™),

DI(E) = DPe(8) + D | 3 (2(8),Ag(E))rx | + O ),
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where Py(&) := % [o €N dx. In particular, the second displayed term in T is homogeneous of degree
2N —2.

Proof. The transverse equation is Ly(&) +R(E +w(&))¥~1 =0. Since Dy(0) = 0, after shrinking
the neighborhood we may assume ||w(&)|| < ||&]|. Applying (L|z)~! to the transverse equation and
using the continuity of the polynomial map u s u"~! from X to Y then gives w(&) = O(||E||V ).
Hence (&+ )V = E%- 1+ O(JE M2 [yl + W[V 1) = E¥ 1 +O(|E|*¥-3), and applying 4 gives
the asserted expansion for w. Write y; = —Ag. Since LE =0 and L is symmetric, T'(§) =
LY, W)yx + & Jo(E+w)Vdx. The error w— yy has order 2N —3, and Ly = —g. Therefore

1 1 _
E(Lllf, V)yx = §<87Ag>Y,X +O(|EIPY ),

]1,/9(5 + ‘I/)Ndx: Py(&)+ <§N717 Wrx +0(H§H3N*4).

Since EN 1 =Py (EN D)+ g with P (EN"1) e K =2Z° and Ag € Z, one has (N1 Ag)yx = (g,Ag)v.x.
Thus (EN"1 w)yx = —(g,Ag)yx + O(|E|?¥*), and adding the two expansions gives the stated
formula for I'. The expansion takes place on the finite-dimensional space K and all terms are
analytic, so differentiation lowers the order of the remainder by one and yields the formula for
DI. O

Proof of Theorem[5.1l. If A ¢ op(—A), then K = {0} and L is an isomorphism. The inverse-
function theorem applied to .Zy gives ||u|lx < C||.#y(u)||y near zero, while Taylor's theorem
gives |&y(u)| < Cllul|%. Thus 1/2 is admissible, and it is optimal by definition.

Suppose next that A € op(—A) and DPy(&) # 0 for every nonzero & € K. Since DPy is
homogeneous of degree N —1 and the unit sphere of K is compact, ||[DPy(&)|x- > c|&|V!
for some ¢ > 0. Lemma then gives, after shrinking the neighborhood, [T(§)] < C||&||N and
IDT(E)||k+ > [|E|N!. Hence (N—1)/N is admissible. Since Py is not identically zero, choose
a € K with Py(a) #0. Along & =ta one has I'(ta) = Py(a)t" + O([t|*~2?) and |DI(ta)||x =
O(|t|¥=1), so any admissible exponent satisfies N@ > N — 1. Thus 6.5 = (N—1)/N. If N is even,
Py(E)=N""[|E[Ndx >0 for &0, and Euler’s identity gives DPy(&)[E] = NPy(&) # 0.

Finally assume Py =0 on K. Then DPy =0, and for every £&,h € K, 0 = DPy(&)[h] =
(EN=1 h)yx. Thus Py(EN-1)=0and E¥~! € RanL. In Lemmal5.4|we therefore have g(&) = &N,
SO

(€)= 2mnv2(&)+0(]|E H3N’4), DI(E) =D2oy_2(E)+0(||E H3N—5)'

The hypothesis on D2,y _» and compactness of the unit sphere give |[D2ay 2(&)| > c||&[2V 3.
After shrinking the neighborhood, the displayed expansions therefore imply |T(&)| < C||&|*NV—2
and [[DL(&)]| > ¢'||§]|*M 3. Consequently, [|DT(&)[| > C'[T(&)|*N3/GNV=2) 'so (2N —3) /(2N —2)
is admissible. Since 2,y is not identically zero, choose a with Zyy_»(a) # 0 and argue along
ta exactly as above to obtain the reverse inequality. Exact reduction completes the proof. O

For even N, Theorem [5.12) recovers the exponent in Haraux—Jendoubi—Kavian [23| Theo-
rem 2.2]; their Theorem 2.5 also treats the simple-kernel cubic noncancellation case. The next
theorem shows that, for a simple resonance, all possible higher cancellations occur in a rigid
arithmetic progression of orders.

Theorem stops as soon as either the first or the second obstruction is nonzero. When
the resonance is simple, the one-dimensional reduced problem has enough additional structure to
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continue this process to every order. Rather than introducing successive obstruction coefficients
one at a time, the next result packages all possible cancellations into a single analytic germ.

Theorem 5.5. Assume that A is a simple Dirichlet eigenvalue and K = Re, where |le||;2 = 1.
There is a real analytic germ H : (R,0) — R such that

[(te) =*H (" 72).

Writing H(s) = ¥.,>1 ¢,s", one has

1
01:—/6Ndx.
N Ja

Ife; =0, then eV~! € RanL and

1
= 75 <eN717 (L|Z)716N71>

If H=0, then T =0, the functional is Morse—Bott at the origin, and 6.s = 1/2. Otherwise, if r,
is the least index with ¢, # 0, then

YX"

1

doT =2+ (N—2). ) =1
ord +7.( ) s (én,0) 2 (N=2)

Thus the possible non-Morse—Bott exponents for a simple resonance belong to the discrete ladder
1 1 1 1

v v awver Tavme

Proof. Let A= (L|z)~! and consider the analytic equation on R x Z,
@(s,x) =Ly +sR(e+x)N ' =0.

Since D,®(0,0) = L|z is an isomorphism, the analytic implicit-function theorem gives a unique
analytic map x(s) with x(0) =0 and ®(s, x(s)) =0. For s =t""2, the element tx(s) solves the
original transverse equation at te, because L(tx) +R(t(e+ x))V~! =t®(t"=2,x). Uniqueness of
the Lyapunov—Schmidt correction therefore gives y(te) =ty (VN =2).

Since Le = 0, substitution into the energy yields

['(te) = t2H(tN*2), H(s) := %(Lx(s),x(s)ﬂx + % /Q(e—i-)((s))Ndx.

This H is analytic and H(0) = 0. Because x(s) = O(s), its linear coefficient is ¢c; = N~! [ V.
If c; =0, then V! 1 K, so R(eN~1) =€V~ and differentiating ®(s,x(s)) =0 at s =0 gives
x'(0) = —AeN~!. Expanding the two terms in H to order s gives

2
S =S A o),

while s
N /(e+)()N — 2N AN 1 0(s).

Hence the displayed formula for ¢, follows.

If H=0, then ' =0 on the one-dimensional kernel and Proposition [2.6] applies. Otherwise,
if ¢, is the first nonzero coefficient, then I'(te) = ¢, >*"*=2) 4 higher-order terms. A nonzero
one-variable analytic germ of order d has optimal gradient exponent (d —1)/d, so exact reduction
gives the stated formula. O
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The first two rungs recover the alternatives previously visible from Lemma [5.4} if Ay(e) :=
JoeVdx#0, then the exponent is (N —1)/N; if Ay(e) =0 but By(e) := (V1 (L|z)1eN 1) #£0,
then it is (2N —3)/(2N —2).

The abstract obstruction ladder becomes especially transparent on an interval. There every
resonant eigenspace is one dimensional, and the first two obstruction coefficients can be computed
explicitly. For odd N, the parity of the eigenmode determines whether the leading coefficient
vanishes, while a Green-kernel argument shows that in the cancelling case the second coefficient
is always nonzero. This yields a complete classification of the optimal exponent.

Theorem 5.6. Let Q = (0,7) and let ex(x) = \/2/msin(kx). For the energy &y one has

1

X A¢ {12223 ..},

N-—1

N A =k> and N is even,

6LS(£N7O) == N_l

— A =k% N is odd, and k is odd,

2N -3 . .

SN o A =k* N is odd, and k is even.

More precisely, in the last case
C
BN<€k) = _kilzv < 07

where Cy > 0 depends only on N.

Proof. The nonresonant case and the case of even N follow from Theorem 5.1l Assume that N
is odd and A = k>. Put ¢ = (2/m)'/? and Sy = [y sin ydy > 0. Then

CNSN k—1

T .
Avle) = [ dx= Y (-1)
j=0

Hence Ay(ex) # 0 exactly when k is odd, and Theorem gives the third line of the formula.

Suppose now that k is even. Set f(y) =sin™ !y, which is nonnegative, nonzero, and -
periodic. On the circle R/nZ, the operator ¥ = —d?/dy> — 1 is invertible, since its Fourier
eigenvalues are 4> — 1, j € Z. Its periodic Green kernel is

G(y.z) = —%sin5(yjz),
where 6(y,z) € [0,7) is the representative of y —z modulo 7. Indeed, away from the diagonal
this solves the homogeneous equation, it is periodic and continuous, and the derivative jump is
the one required by .G = §,. In particular, G(y,z) < 0 off the diagonal. Therefore the unique
periodic solution U(y) = [y’ G(3,z)f(z)dz of LU = f satisfies U(y) < 0 for every y.
Let Ly = —d?/dx* —k* and define

CN—]

k2

Wi (x) = (U (kx) — U (0) cos(kx)).

Because k is even and U is m-periodic, wy satisfies the Dirichlet boundary conditions, and Lywy, =

ey~!. The Z-solution (Ly|z)~'el " differs from Wi by a multiple of e;. Since Ay(ex) =0, this
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difference does not affect its pairing with ekN“. The cosine correction also contributes nothing

because [;™ f(y)cosydy =0. Hence

CZN—Z k7
BN (ek) =

C2N—2 T

o | o ay=" [T oo

The last integral is strictly negative, so By(ex) = —Cy/k* with Cy := —c?¥=2 [FfU > 0. The
second rung of Theorem 5.5 now gives the final exponent. O

Example 5.7. For N =3, the periodic solution in the preceding proof is U(y) = —4 — + cos(2y),

and one obtains Cs =5/(6x). Thus, for every even k,

5 3

_W7 GLS(@@:%O):*'

B3 (ex) = 1

At k=2 this gives B3(e;) = —5/(24x) and I'(tep) = &t“ +O([t]’), recovering the explicit calcu-
lation that motivated the cancellation theorem.

For higher-dimensional resonant eigenspaces, singular directions of Py may require further
terms of the reduced germ. The intrinsic Simon-pair formula of Section [3] then supplies the exact
finite-dimensional procedure: expand I' far enough to resolve those directions and compute the
resulting arc or divisorial ratios.

Taken together, the two applications exhibit complementary manifestations of the intrinsic
Simon singularity. In the Yang—Mills problem it records a geometric rank stratification through a
determinantal model, whereas in the semilinear problem it records a hierarchy of analytic resonance
obstructions. In both cases, the optimal exponent of the original infinite-dimensional functional
is governed by finite-dimensional singularity data, which can then be approached by algebraic,
valuative, or explicit analytic methods.
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