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Problem #10568: [P] Let n be a nonnegative integer. The sequence defined by zp = n and
Tpy1 = o — [/, ] for k> 0 converges to 0. Let f(n) be the number of steps required; i.e. zy(,) =0
but z¢,)—1 > 0. Find a closed form for f(n).

Solution: Consider the following partition of the positive integers into “intervals”:

for each nonnegative integer m, define successively
{lam(k) + 1,bm (k)] [bm (k) + 1, am(k + 1)]},
for k=1,2,...,2™ — 1, and augmented by [a,,(2™) + 1, b,,(2™)]; where

am (k) == 4™ + (2k — 3)2™ + k(k — 1), and by (k) = 4™ + (2k — 2)2™ + k%

Claim:
() 2l _m — 2 4 2k — 2, if n € [am (k) + 1, by (k)]
T =Y amtt oy 9 ok—1 ifn e (k) + Lam(k + 1]
To this end it suffices to verify the inequalities:
(1) (k) < b () = [Vo (k)] < am(k) + 1,
and
(2) b (k) < am(k+1) — [Va,,(k+1)] < by (k) + 1.

These follow respectively from

(3) 2™ 4k —1< [Vb(k)] <2™ + &,
and
(4) 2"+ k—1< [Va,, (k+1)] <2™+k.

Then, the formula in the claim is a consequence of successive counting of the intervals. O
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