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PROBLEM: [P] If u; and wus are nonconstant real functions of two variables, and if uy,us,
and ujus are all harmonic in a simply connected domain D, prove that us = avy + b, where vy is a
harmonic conjugate of u; in D, and a and b are real constants.

PROOF: In R?, we write w, and w, for Ow/dr and Ow/dy, respectively. Let f = uj + iv;.
Then f2 is analytic, and hence 2uyv; = Im(f?) is harmonic.

Using the assumptions and the equations,
Aluruz) = Alur) + Auz) +2V(u1) - V(uz),  Alurvr) = Alur) + Avr) +2V(uwr) - V(v1)
it follows that both vectors Vus and Vv, are orthogonal to Vuy, in R?. Thus
(1) Vus = aVuy,
for some function a = a(z,y). Consequently, Aus = aAwvy + Va - Vv;. Therefore, we obtain
(2) Vi - (ag,ay) = 0.
Rewriting equation (1) as: (u2)s = a(v1)g, (u2)y = a(v1), and differentiating in y and z, respectively

gives
(u2)xy = a'y(vl)ac + a(vl)mya (UQ)ym = ax(vl)y + a(vl)yac-

This shows that
(3) Vi - (ay, —ag) = 0.

Combining equations (2) and (3), we have Va = 0, i.e. a is a constant. This in turn implies that
V(uy — avy) = Vug —aVv, = 0, proving that us — av; is a constant and completing the proof. O
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