
SOLUTION TO PROBLEM #12206

Problem #12206. Proposed by S. Stewart (Australia). Prove
∞∑

n=1

H̄2n

n2
=

3

4
ζ(3)

where H̄n is the n-th skew-harmonic number H̄n =
∑n

k=1
(−1)k−1

k .

Solution by Tewodros Amdeberhan and Victor H Moll, Tulane University, New Orleans, LA, USA.

Start by re-writing
∑2n

k=1
(−1)k−1

k =
∑n

k=1
(−1)2k−1

2k +
∑n

k=1
(−1)2k−1−1

2k−1 = − 1
2

∑n
k=1

1
k +

∑n
k=1

1
2k−1 .

Using the usual harmonic numbers Hn =
∑n

k=1
1
k , we get H̄2n = − 1

2Hn +H2n − 1
2Hn = H2n −Hn.

On the other hand,
∑∞

n=1
H2n

n2 = 2
∑∞

n=1
Hn

n2 + 2
∑∞

n=1
(−1)nHn

n2 . Using Euler’s identity
∑∞

n=1
Hn

n2 =
2ζ(3), we gather
∞∑

n=1

H̄2n

n2
=

∞∑
n=1

H2n

n2
−
∞∑

n=1

Hn

n2
= 2

∞∑
n=1

Hn

n2
+ 2

∞∑
n=1

(−1)nHn

n2
−
∞∑

n=1

Hn

n2
= 2ζ(3) + 2

∞∑
n=1

(−1)nHn

n2
.

From the integral form Hn =
∫ 1

0
1−xn

1−x dx, the dilogarithm function Liq(y) =
∑∞

n=1
xn

nq , integration

by parts and noting Li1(x) = − log(1− x), we obtain
∞∑

n=1

(−1)nHn

n2
=

∫ 1

0

[ ∞∑
n=1

(−1)n

n2
−
∞∑

n=1

(−1)nxn

n2

]
dx

1− x
=

∫ 1

0

− 1
2ζ(2)− Li2(−x)

1− x
dx

= [(ζ(2) + Li2(−x)) ln(1− x)]
1
0 −

∫ 1

0

ln(1− x) Li1(−x) dx

=

∫ 1

0

ln(1− x) ln(1 + x)

x
dx.

To evaluate the last integral observe that∫ 1

0

ln(1− x) ln(1 + x)

x
dx =

1

4

∫ 1

0

ln2(1− x2)

x
dx− 1

4

∫ 1

0

ln2
(

1−x
1+x

)
x

dx

=
1

8

∫ 1

0

ln2(1− t)
t

dt− 1

2

∫ 1

0

ln2 t

1− t2
dt =

1

8

∫ 1

0

ln2 t

1− t
dt− 1

2

∫ 1

0

ln2 t

1− t2
dt

=
1

8

∑
n≥0

∫ 1

0

tn ln2 t dt− 1

2

∑
n≥0

t2n ln2 t dt.

Now, proceed with∫ 1

0

tbdt =
1

b+ 1
=⇒

∫ 1

0

tb lnk t dt =
dk

dbk
1

b+ 1
=

(−1)kk!

(b+ 1)k+1
,∫ 1

0

ln(1− x) ln(1 + x)

x
dx =

1

8

∑
n≥0

2

(n+ 1)3
− 1

2

∑
n≥0

2

(2n+ 1)3
=

2

3
ζ(3)− 7

8
ζ(3) = −5

8
ζ(3).

Combining it all, we conclude that
∑∞

n=1
H̄2n

n2 = 2ζ(3) + 2
(
− 5

8

)
= 3

4ζ(3). �

Typeset by AMS-TEX
1


