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Problem #1540: [P]
(a) Show that 2™ + (z — 1)" — (z + 1)™ has a unique non-zero real root r,.

(b) Show that r, increases monotonically.
(c) Evaluate lim, o0 7 /n.
Solution: Let f,(z) := 2" + (x — 1)" — (x + 1)™. Notice that if z = —t < 0, then we have

fo(=t) = (=1)"[t" + (t+1)" = (¢ = 1)"]

is either always positive or negative (depending on n). Thus it suffices to look for the positive roots
of the f,’s.

Claim: 3! r, > 0 such that f,(z) < 0 for 0 < z < ry; fn(x) > 0 for & > ry,; fr(rn) = 0 and
Tn > Tp—1-

We proceed by induction. For n =1, the claim is trivial: f;(z) =z —2, and ry = 2. Assume the
claim holds for n — 1. Then, since

ful@) = (1" =147 /0 1 (t)dt,

we have f,(x) < 0for 0 < z < r,_;. But f,(c0) = co. So, by the Intermediate Value Theorem
there is r,, > rp,_1 > 0 a root of f,(x). Moreover, f/(z) = nf,_1(z) implies that f,(z) is strictly
increasing once x > r,—1. Consequently, such a solution is unique and hence the claim follows.

Now, the equations 0 = r? + (r,, — 1)™ — (r, + 1)™ may be rewritten as

o (n/ry) o (n/ry)
1 1
(1) <1 + —) - (1 - —) ~ 1.
Tn n

Taking limits in the last equation, we obtain

(2) elimn_,oon/rn _ eflimn_,oon/rn —1.

With this, n/r, must be bounded (else equation (2) leads to Cont radication, co = 1). Hence each
subsequence has a convergent subsequence, and for such a convergent subsequence, the common limit,
say L, can be determined from e’ —e~F = 1. This in turn gives L = arcsinh(1/2) = In((1++/5)/2).

Therefore, the desire limit is
n 1
lim 2 = 1/ln ( +2\/5> .

n—oo M
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