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Problem #1562: [P] Prove that

1. 6m 107
(1) tan (Ztan 4) =2 (cosl—7 + c051—7> .
Proof: Let z := 2c0s€1‘—77r + 2cosllo—7”. Then equation (1) becomes tan~'4 = 4tan"'z. Now, a

successive application of the identity

tan"tx + tanfly =tan ! Tty ,
1—ay

z

once with £ = y = z and then with z =y = 137, results in

tan~'4 = tan~! {( 21— 2) ] .

1—22)2 — (22)2
This in turn may be simplified to take the form
(2) A4 —622—24+1=0.

Hence, it suffice to prove (2). Denoting the primitive 17th-root of unity (i.e. w'” = 1) by wo, the
assertion in (2) is equivalent to the claim that

z = Real part of 2(w§ + wy®) = w§ + wy’ + wy' + w,
is a solution of the polynomial equation (2). Direct computation and the identity
wel +wg® + - +wo+1=0
17 _
3=

coupled with w 1, easily verify the latter statement. O
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