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Problem #643: Suppose that a, > 0 for all nonnegative integers r and Y- ,a, = A < co. Let

n—1ln—-1 n—1ln—1

(1) Qp = % Z Z Qr4s and Bn = % Z Z Qly—s|-

r=0 s=0 r=0 s=0
Find lim,,_, ay, and lim,_ s~ Gn.
Solution: Under the assumption, the power series f(z) := > 2, arz" has radius of convergence

R > 1. Hence, so does its derivative f'(z) = > .2 ra,z" ', In particular, f'(1) = 2 | ra, is finite.
Next, we rewrite the sums in (1) respectively as:

1 2n—2 1 n—1 2n—2
a”:EZ Z aH_s:E{Z(k#—l)ak-{— Z(Qn—k—l)ak} and
k=0 r4+s=k k=0 k=n
1 n—1 1 n—1
ﬂn:EZ Z Alp—s]| :EZQ(n—k)ak + ap.
k=0 |r—s|=k k=1

Consequently, we have

n—1 2n—2 2n—2
. . 1 .
lim,, ooty = hmn_moE { E 2(k + Day, — E (k+ l)ak} + limy, 002 E ar =0,

as the sums are partial sums of convergent series. Similarly,

n—1 n—1
. . 2
limy, s 00 Bn = limy 00 {_GO +2 ];70 ap — n k%l kak} = —ap + 2A.

Hence we obtain lim,, s, = 0 and limy,_yoo 8 = 24 —ap. O
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