SOLUTION TO PROBLEM #667
PROPOSED BY LEMMA

[P] Find the value of the integral

/7T 2+ 2cos(x) — cos((n — 1)x) — 2cos(nz) — cos((n + 1)x) i

1 — cos(2x)
as a function of n, where n is a nonnegative integer.

Tewodros Amdeberhan, DeVry Intitute of Technology

Denote the above integral by f,,, and let ¢,, := fo41 — fn and let Ay, := g, — gn—1. Then, using
the addition trigonometry identities

cos(A £ B) = cos(A)cos(B) F sin(A)sin(B) and sin(A + B) = sin(A)cos(B) £ cos(A)sin(B)

we obtaln

gn = /07T 282'71(1‘)[81'711((_71;81()22))—1— Sin(nx)]dx and hn = /07T QCos(nx)dx.

Consequently, this implies the recurrence relations
h, =0, Gn =T for n>1

with 1nitial conditions
g1 =m, fi=m.

Therefore, f, = nm,n > 1. The case n = 0 1s obvious. O
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