PROOF OF FORMULA 3.451.2

xe 1 —e 2 dx = E(l +21In2)

0 8

The change of variables ¢ = 2z shows that

o0
ze "1 —e 2 dy = —1N(3),

0
where

h(a) = / e V1 —e % dx.
0

The change of variables t = e™% gives

1
h(a):/ 1711 — )Y dt = B(a, 3).
0
Differentiation yields

h'(a) = h(a) [(a) = d(a+ 3)],

where ¢ = I"/T" is the polygamma fnction. Therefore
(oo}
ze V1 —e 2 dz = —Ih(3) [¥(3) — ¥(2)]
0
The value ¥(3) = —(v + 2In2) and ¥(2) = —y + 1 give the result. To obtain the
expression for @ZJ(%), differentiate the duplication formula
2223—1

N

(22) = L(2)0(z + 3),

to produce
20(2z) =2In2 + P(2) + (2 + 3).
The simplification also makes use of the relation

n—1

Yy =1+ 3 1
k=1



