
PROOF OF FORMULA 4.221.2

∫ 1

0

lnx ln(1 + x) dx = 2 −

π2

12
− 2 ln 2

Integrating the expansion

ln(1 + x) =

∞∑
k=1

(−1)k−1

k
xk,

gives ∫ 1

0

lnx ln(1 + x) dx =
∞∑

k=1

(−1)k−1

k

∫ 1

0

xk lnxdx.

The change of variables u = − lnx gives∫ 1

0

xk lnxdx = −

∫
∞

0

ue−(k+1)u du

and v = (k + 1)u gives∫
∞

0

ue−(k+1)u du = −

1

(k + 1)2

∫
∞

0

ve−v dv.

This last integral is Γ(2) = 1. Therefore∫ 1

0

lnx ln(1 + x) dx =

∞∑
k=1

(−1)k

k(k + 1)2
.

The partial fraction decomposition

1

k(k + 1)2
=

1

k
−

1

k + 1
−

1

(k + 1)2
,

gives ∫ 1

0

lnx ln(1 + x) dx =

∞∑
k=1

(−1)k

k
−

∞∑
k=1

(−1)k

k + 1
−

∞∑
k=1

(−1)k

(k + 1)2
.

The values
∞∑

k=1

(−1)k

k
= − ln 2 and

∞∑
k=1

(−1)k

k2
= −

π2

12
,

complete the evaluation.
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