
PROOF OF FORMULA 4.255.3

∫

∞

0

1 − xp

1 − x2
lnxdx =

[π

2
tan

(πp

2

)]2

The change of variable t = x2 gives
∫

∞

0

1 − xp

1 − x2
lnxdx =

1

4

∫

∞

0

t−1/2 ln t

1 − t
dt−

1

4

∫

∞

0

tp/2−1/2 ln t

1 − t
dt.

Split the integrals at t = 1 and make the change of variable t 7→ 1/t in the one from
1 to ∞. This gives

∫

∞

0

t−1/2 ln t

1 − t
dt = 2

∫ 1

0

t−1/2 ln t

1 − t
dt.

The second integral gives
∫

∞

0

tp/2−1/2 ln t

1 − t
dt =

∫ 1

0

tp/2−1/2 ln t

1 − t
dt+

∫ 1

0

t−p/2−1/2 ln t

1 − t
dt.

These three integrals are evaluated using
∫ 1

0

ta−1 ln t

1 − t
dt = −ψ′(a)

to produce
−2ψ′

(
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2

)

− ψ′
(
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2

)

− ψ′
(
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2

)

.

The result is simplified using

ψ′(a) + ψ′(1 − a) =
π2

sin2 πa
.
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