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The integrals in Gradshteyn and Ryzhik.
Part 10: The digamma function

Luis A. Medina and Victor H. Moll

ABSTRACT. The table of Gradshteyn and Rhyzik contains some integrals that can
be expressed in terms of the digamma function ¥ (z) = % log T'(z). In this note
we present some of these evaluations.

1. Introduction

The table of integrals [2] contains a large variety of definite integrals that involve
the digamma function

(L.1) vla) = logT(a) = ¢

Here I'(z) is the gamma function defined by

(1.2) [(z) = /ODO t" et dt.

Many of the analytic properties can be derived from those of I'(x). The next
theorem represents a collection of the important properties of I'(x) that are used in
the current paper. The reader will find in [1] detailed proofs.

Theorem 1.1. The gamma function satisfies:

a) the functional equation

(1.3) I(x+1) =al'(z).
b) For n € N, the interpolation formula I'(n) = (n — 1)!.
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110 L. MEDINA AND V. MOLL

¢) The Euler constant v, defined by

n

1
(1.4) v = lim i Inn,

is also given by v = —I'"(1). This appears as the special case a = 1 of formula 4.331.1:

v+ Ina

1.5 Tnrdr =—
(1.5) /Oe nzdx -

This was established in [3]. The change of variables t = az shows that the case a =1
is equivalent to the general case. This is an instance of a fake parameter.

d) The infinite product representation

T e

is valid for x € C away from the poles at z =0, —1, —2,...

(1.6) I(z) =

e) For n € N we have

(1.7) L(n+3) =gV
and

221 p)
(1.8) I(3—n)=(-D" @)l .

f) For « € C, x ¢ Z we have the reflection rule

s

(1.9) M)(1 —2z) =

sinTa

Several properties of the digamma function ¥(z) follow directly from the gamma
function.

Theorem 1.2. The digamma function ¢ (z) satisfies
a) the functional equation

(1.10) W@ +1) = @) + =

X

b) For n € N, we have

n—ll
1.11 n)=—vy+ —.
(L.11) oo =1+ 3§

In particular, (1) = —~.
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¢) For z € C away from « =0, —1, —2, --- we have
1 = 1
1.12 — A~
(112) o = Yy
> 1 1
- T kZ:O (m B k—+1>

d) The derivative of ¢ is given by

— 1
1.13 "(z) = —.
(113) Y@= o
In particular, ¢'(1) = 72/6.
e) For n € N we have
~ 1

1 = —~y— -
(1.14) PY(i£n)=—y 21n2+2kZ:12k_1.
In particular,
(1.15) Y(3)=—v—2n2.

f) For x € C, x ¢ Z we have the reflection rule

(1.16) Y(1 — ) =9¢(x) + 7cot mx.

2. A first integral representation

In this section we establish the integral evaluation 3.429. Several direct conse-
quences of this formulas are also described.

Proposition 2.1. Assume a > 0. Then
> —x —a dx
(2.1) /0 [e T—(1+x) ] — = U(a).

PROOF. We begin with the double integral

(2.2) / / e Zdt dz :/ idz.
0o J1 0 z

On the other hand,

S o0 S dt
(2.3) / / e Pdzdt = / — =Ins.
1 Jo 1t

We conclude that

(2.4) / £ "¢ gr=s.
0 z

This evaluation is equivalent to:

oo —ar _ ,—bx b
(2.5) / £ —° dr=I-
0 x a
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that appears as formula 3.434.2 in [2]. The reader will find a proof in [3].
We now establish the result: start with

IMa) = / e *s* 'lnsds
0

e’} o0 _—z —zs
s a— e F—e
= / e %s® 1/ ——dzds
0 0 z
o0 o0 o0 d
_ 4 1 z
= / <e Z/ s% e Sds—/ %7 le S(HZ)ds) —.
0 0 0 z

This formula can be rewritten as

I(a) =T(a) /ODO (e —(1+2)"% d—;

This establishes (2.1). O

Example 2.2. The special case a = 1 yields

o0 [ )

This appears as 3.435.3.

Example 2.3. The change of variables w = — Inz gives the value of 4.275.2:
1 q -
1 dz dw
2.7 - _ Y AT
@7) /o [x <l—lnx) } rInx /0 [e (1 +w)™] " ¥(q)

Example 2.4. The change of variables t = 1/(x + 1) in (2.1) yields 3.471.14:

1 e(l—l/t) _ta
(2.8) /0 D dt = (a)

Example 2.5. The result of Example 2.2 can be used to prove 3.435.4:

> 1 dx a
2.9 —br — =In-—1.
(2.9) /0 (6 1+ ax) x Y
Indeed, the change of variables ¢ = bz yields from (2.2) the identity
/‘X’(_bm 1 )dx /‘x’(_t 1 )dt
e — — elt——— | —
0 l+ax) x 0 1+at/b) t

oo —t —at/b 00
/ gdH/ pmat/p L\ dt
0 t 0 1+at/b t

Formula (2.5) shows the first integral is In § and the value of the second one comes
from (2.2).
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Example 2.6. The evaluation 3.476.2:

(2.10) /000 (e_‘”p — e_mq) ci_x = %’y

comes directly from (2.1). Indeed, the change of variables u = P yields

e [T ) [ )
. 0 T P Jo u
Now write

1/00 < —u 1 ) du 1 /OO < 1 uq/p) du

I=- e " — — 4 - —e —.

p Jo 1+u/) u pJo 1+u u

The first integral is —y by (2.6) and the change of variables v = ud/? gives

1 [ 1
I — _1+_/ (7_6—1;>d_’u

P alo \1tor/d v
7

+1/°°( 1 _v) dv+1/°° v — /4 p
= —_ — — € - - v.
Poqlo \1+vw v oqJo v(l+v)(1+or/a)

Split the last integral from [0, 1] to [1,00) and use the change of variables x +— 1/x in
the second part to check that the whole integral vanishes. Formula (2.10) has been
established.

Example 2.7. Formula 3.463:
*° d
(2.11) / (e*f - eﬂ) @7
0 X 2

corresponds to the choice p =2 and ¢ = 1 in (2.10).

Example 2.8. Formula 3.469.2:
e d
(2.12) / (e*w“ - eﬂ”) dz _ 3y
0 x 4

corresponds to the choice p =4 and ¢ = 1 in (2.10).

Example 2.9. Formula 3.469.3:
*° d
(2.13) / (e*w“ - e*ﬁ) @w_7
0 X 4

corresponds to the choice p =4 and ¢ = 2 in (2.10).

Example 2.10. Formula 3.475.3:
o0 n d
(2.14) /0 (eﬂz - e*w) -2y

X

corresponds to the choice p = 2" and ¢ =1 in (2.10).
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The case p = ¢ in (2.10) is now modified to include a parameter.

Proposition 2.11. Let a, b, p € RT. Then 3.476.1 in [2] states that

> P P | —1
(2.15) / {e‘“m b } dr _ M.
0 T p

PROOF. The change of variables ¢t = axP gives

/0°° [omes” — =] d?x _ %/Ow G %.

Introduce the term 1/(1 + ¢) to obtain

I l/m et L ﬂ_l/m gbtfa L)t
2 Jo 1+t) t pJy 1+t) ¢t

_1_1/00 s b ) ds

P pJo b+as) s’

Adding and subtracting the term 1/(1 4 s) produces

1 [ b 1 ds
2.1 I=- - —.
(2.16) p/o (b+as 1—|—8> s

The final result now comes from evaluating the last integral. O

We now present another integral representation of the digamma function.

Proposition 2.12. The digamma function is given by

(2.17) vo= [ (S-15=)

This expression appears as 3.427.1 in [2].

PROOF. The representation (2.1) is written as

X g2 & dz
2.1 =i _ =
(2.18) wia) = im [z /5 T

to avoid the singularity at z = 0. The change of variables z = e¢! — 1 in the second
integral gives

g7 o ematqt
(2.19) P(a) = lim dz —/ —.
=05z (1) L —e™*

In(14+8) —t 5 gt
/ € _at| < / Yo,
5 t In(146) t

as § — 0. This completes the proof. O

Now observe that

(2.20)
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Example 2.13. The special case a = 1 in (2.17) gives 3.427.2:

° 1 1
2.21 —— e Pdx=nr.
2:21) [ (== t)era=y

Example 2.14. The change of variables t = ¢~* in (2.17) produces 4.281.4:

(2.22) /01 (ﬁ + f:) dt = —(a).

Example 2.15. The special case a = 1 in (2.22) yields 4.281.1:

1 1

Proposition 2.16. Let p, ¢ € R. Then
1 p—1 q—1
(2.24) / (I + 2 ) dz = Inp — ¥(q).
0

Inx 11—z

This appears as 4.281.5 in [2].
Proor. Write

1 p—1 qg—1 1 1 qg—1 1 p—l_l
T x x T
2.25 dr = — d ——dx.
(225) /0 <lnx+1—x) v /0 <lnx+1—x> x+/0 Inz v

The first integral is —(¢) from (2.22) and to evaluate the second one, differentiate
with respect to p, to produce

d [far-t-1 ! 1
(2.26) —/ xidxz/ 2P lde = =,

dp Jo Inz 0 D
The value at p = 1 shows that the constant of integration vanishes. The formula (2.24)
has been established. O

3. The difference of values of the digamma function

In this section we establish an integral representation for the difference of values
of the digamma function. The expression appears as 3.231.5 in [2].

Proposition 3.1. Let p, ¢ € R. Then

(3.1) /0 = e = g(g) — ().

1—=z
ProoFr. Consider first
1 1
(3.2) I(e) = / a1 —2) / 2771 - 2) o,
0 0

that avoids the apparent singularity at = 1. The integral I(e) can be expressed in
terms of the beta function

(3.3) Bla,b) = /01 211 — )1 dg
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as I(e) = B(p,€) — B(q,¢€), and using the relation

(3.4) Bl(a,b) = %
we obtain

_ L'(p) I'(q)
(35) 10=10 (5,25 10 o)

Now use I'(1 4 €) = €eI'(¢) to write

and obtain (3.1) by letting ¢ — 0. O

Example 3.2. The special value ¢(1) = —v produces

(3.7) /0 idw:vﬂb(q}

11—z
This appears as 3.265 in [2].

Example 3.3. A second special value appears in 3.268.2:

(3.8) /0 L= 2% 01z = (a + b) — v(b).

1—x
It is obtained from (3.1) by choosing p = b and ¢ = a + b.
Example 3.4. Now let ¢ =1 — p in (3.1) to produce

1 p—1 _ . —
(3.9) /0 % dx = (1 — p) — ¥ (p) = 7 cot mp.

This appears as 3.231.1 in [2].

Example 3.5. The special case p=a+ 1 and ¢ = 1 — a produces
1 _
a a 1
(3.10) / udmzlb(l—a)—lb(l—i—a):ﬂ'cot Ta — —,
o l—=z a
where we have used (1.10) and (1.16) to simplify the result. This is 3.231.3 in [2].
Example 3.6. The change of variables x = t* in (3.1) produces

/1 ter et v@) —v)
0

A1
(3.11) 1—te a

Now let p=1,a = v and ¢ = £ and the replace p by p and v by ¢ to obtain 3.244.3
in [2]:

1 49—-1 _ 4p—1 1
(3.12) /0 %dtz;(y—kw(g)).



DIGAMMA FUNCTION 117

Example 3.7. The special case p=>b/a and ¢ =1 —b/a in (3.11) produces

1 xb—l _ xa—b—l 1
(3.13) [ do = w1~ ba) - w(0/a)).
0 — X a
The result is now simplified using (1.16) to produce
1 _b—-1_ ,a—b—-1 b
(3.14) / R
0 1—2z° a a

This is 3.244.2 in [2].
Example 3.8. The special case a = 2 in (3.11) yields

1 $2n—1 _ y2v-1 1
(3.15) | == 5w - v,
The choice p=1+p/2 and v =1 — p/2:
Lap — g 1

(3.16) | B e = 5w+ /D)~ 01 - /),

0 — T 2
The identities ¥ (z + 1) = ¢(x) + 1/z and (1 — x) — ¢¥(x) = 7 cot mx produce

Loap —g—p T pT 1

This appears as 3.269.1 in [2].
Example 3.9. The choice 4 = %! and v = 1 in (3.15) gives 3.269.3:

(3.18) /()1%@:%@(“71)_1&(%&)).

4. Integrals over a half-line

In this section we consider integrals over the half-line [0, 00) that can be evaluated
in terms of the digamma function.

Proposition 4.1. Let p, ¢ € R. Then

o/ qp ta dt
(4.1) /0 ((1+t)p - (1+t)Q> — =v(q) — ¥(p)

This is 3.219 in [2]. Also

° 1 1 dt
42 _ Y (e — b(p).
(42) I (5 o) & - v -0
PrROOF. Let t = /(1 —z) in (3.1). The second form comes from the first by the
change of variables z +— 1/z. O

Example 4.2. The special case p = 1 yields

*° 1 1 dt
4, SR dat _ .
(4.3) /O <1+t (1+t)q) s = v+
This appears as 3.233 in [2].
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Example 4.3. The evaluation of 3.235:

(14) | ST e v

can be established directly from (4.3). Simply write

e A e e M =R e

to obtain the result.

Some examples of integrals over [0, c0) can be reduced to a pair of integrals over
[0, 1].

Proposition 4.4. The formula 3.231.6 of [2] states that

oo xp—l _ xq—l
(4.5) / ————dx =7 (cot mp — cot 7q) .
0 1-2z

PROOF. To evaluate this, make the change of variables t = 1/x in the part over
[1,00) to produce

(4.6) /Oo 7%’*1 —or! dr = /1 7xp71 —at dr — /1 vt dz.
0 1—=z 0 1—=z 0 1—=z

Now use the result (3.1) to write

co p—1 _ ,..q—1
an | T de = v~ v) — W -0 — v - ).
The relation ¢(x) — (1 — z) = —7 cot(mq) yields the result. O

5. An exponential scale

In this section we present the evaluation of certain definite integrals involving
the exponential function. These are integrals that can be evaluated in terms of the
digamma function of the parameters involved.

Example 5.1. The simplest one is 3.317.2:

6.1 | (= i) 4= vl -0

that comes from (4.2) via the change of variables x +— e™7.

Example 5.2. The special case p = 1 and ¢(1) = —v produces 3.317.1:

> 1 1
5.2 — dr =
62 [ (5~ i) 4o = v 4
Example 5.3. The evaluation of 3.316:

(53) |t = v - v

comes directly from (5.1).
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Proposition 5.4. Let p, ¢ € R. Then

¢ ePt —emdt
(5.4) | S = vta) - vt
0 — e
This appears as 3.311.7 in [2].
PROOF. Make the change of variables x = e~ in (3.1). O

Example 5.5. The evaluation (5.4) can also be written as

00 ot(1=p) _ ot(1—0q)
(5.5) [ == a=v0 - v,
0 et —1
Example 5.6. The special case p=1and ¢=1—v is
1 — et
(56) | a=va-n -va),
0 et —1
and using (1) = —y and ¢¥(1 — v) = ¢(v) + 7 cot 7y, yields the form
o 1— vt
(5.7) / =i el dt =y (v) + v+ 7 cot v,
o _

as it appears in 3.311.5.
Example 5.7. Another special case of (5.4) is 3.311.6, that corresponds to p = 1:

o —t _ ,—qt
(5.8) /0 T =)+,

1—et
Example 5.8. The evaluation 3.311.11:
o _pr _ ,qx 1 _ _
(5.9 | (o (P20 -0 (22)).
0 €T —est r—s r—s r—s
follows directly from (5.4) by the change of variables ¢t = (r — s)x.
Example 5.9. The evaluation of 3.311.12:
*©q® —b* 1 Inc—1Inb Inc—1Ina
5.10 do = — | ————
(5.10) /0 @ —d* " " Inc—Ind <¢ <1nc—lnd) w(lnc—lnd))’

is proved by simply writing the exponentials in natural base.

Example 5.10. The formula 3.311.10 had a sign error in the sizth edition of [2].
It appears as

© _—pr _ ,—qx
(5.11) / e e ot (p_) .
0 1+e-(ptoe p+q p+q
It should be
TP _ pmq% T P
5.12 — dr = tl —— | .
(512) /0 1—e o 7 g™ <p+Q)

The value (5.9) yields

e’} e PT _ o—qx 1 q p
5.13 dr = - ’
(5.13) /0 1— etz p+q<w<p+q) w(PJr(J))
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and the trigonometric answer follows from (1.16). This has been corrected in the
current edition of [2].

Example 5.11. The evaluation of 3.312.2:

o0 —e—ax _ e—bm e~ Pz
eag) [TEEEHOEE T h g0+ w4 ) - o+ a0~ 000)

follows directly from (3.1). Indeed, the change of variables t = e~* gives

1 —1 a b a-+b
tP~H (1 —t*—t t
I:/ ( + )dt
0

(5.15) —

and now split them as

1 4p—1 +a—1 1 4p+b—1 +a+b—1
=1 _¢p P —¢P
(5.16) I:/ 7&—/ dt
0 0

1-t¢ 1—-t¢

and use (3.1) to conclude.

6. A singular example

The example discussed in this section is

oo —pux d
(6.1) / ¢ T pin cot(mu),

o b—e™®

that appears as 3.311.8 in [2]. In the case b > 0 this has to be modified in its
presentation to avoid the singularity z = —Inb. The case b < 0 was discussed in [4].
In order to reduce the integral to a previous example, we let ¢ = e™" to obtain

e M dy o pr=ldt
2 = .
(6:2) / b—e® /0 b—t

— 00

The change of variables t = by yields

 eTHT dg 1 [Pyt ldy
: =t [ =
(6.3) /oob—ef”” /0 I—y

Now separate the range of integration into [0, 1] and [1, 00). Then make the change of
variables y = 1/z in the second part. This produces

X eTHT dg Lop=1_ -n
6.4 :bufl/ A dz.
(6.4) / b—e " 0 1—2z *

— 00

This last integral has been evaluated as cot(mpu) in (3.9).

7. An integral with a fake parameter

The example considered in this section is 3.234.1:

1 q-1 —q
(7.1) / < z — ) do = = cot mq.
o \l—ax a—-=x al
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We show that the parameter a is fake, in the sense that it can be easily scaled out of
the formula. The integral is written as lir% I(€) where
e—

I(e) = /01 ((1 ixl)l—e e ijxq)l_e> da
/0 &de_/o ((lfwdx.

Make the change of variables ¢ = ax in the first integral and z = at in the second one

to produce
@ a-lgy Va  y-agy
I(e)za*q/ 7—a*q+6/ —_—
o (I—t)t=e o (I—t)t=e

and then let € — 0 to produce

Loga=t gma _ apa-lgr  [Uagmage
— dr=a"1 — .
o \l—azx a-—-=z o 11—t 0 1-t¢
Differentiation with respect to the parameter a, shows that the expression in paren-
thesis is independent of a. It is now evaluated by using a = 1 to obtain

1 g—1 —q 1.4g-1_ 1—q
/ (a: i )dmzaq(/ gdt).
o \l—ax a—x 0 1-1¢

The evaluation (3.1) now yields

/<1x—‘x_> de = @ (¥(1—q) —¥(g))

a7 cot mq.

Formula (7.1) has been established.

8. The derivative of ¢

In a future publication we will discuss the evaluation of definite integrals in terms
of the polygamma function

d n
(8.1) PolyGammal[n, x] := <d_) P(x).

x
In this section, we simply describe some integrals in [2] that comes from direct differ-
entiation of the examples described above.

Example 8.1. Differentiating (3.1) with respect to the parameter p produces
4.251.4:

1 —
(8.2) /0 2 Iz dx = —'(p).

1—2z
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Example 8.2. The change of variables x = t7 in (8.2), followed by the change of
parameter p — § yields 4.254.1:

1 4p—1
tP~" Int 1 P
8.3 / —dr ==/ <—> .
(83) o 11—t ¢ \q
Example 8.3. Replace g by 2¢ and p by ¢ in (8.3) to produce
1 4q-1
t97 Int 1 1
(8.4) /0 T U= ——4q2¢’ (3)-

To evaluate this last term, differentiate the logarithm of the identity

229:71

(8.5) I'(2z) = N D(z)T(z+ 3),
to obtain
(8.6) 2¢(2z) = 2In2 4+ ¢(z) + ¢(z + 3).
One more differentitation produces
(8.7) ' (22) = ' (2) + ¢ (2 + 3).
The value z = % gives

/1 / 7
(58) v =sm ="
Therefore we obtain 4.254.6:

1 .q-1 1 2
x nx T
. Y e = —

(8.9) /0 1— 2% v 8¢>

Example 8.4. Differentiating (3.12) n-times with respect to the parameter p
produces 4.271.15:

! p=1q 1
T T p
8.10 In" =— KON
( ) A n-x 1 — x4 anrlw <q>

9. A family of logarithmic integrals

Several of the integrals appearing in [2] are particular examples of the family
evaluated in the next proposition.

Proposition 9.1. Let a, b € RT. Then

! a—1 -1 _ ['(a)T(b)
9.1) /0 rt 1 =)t nade = T (0(0) — la+b),
PRrOOF. Differentiate the identity
! a—1 -1 _ [(a)T(b)
(9.2) /0 21— 2)lde = Taxo)

(
with respect to the parameter a and recall that IV (z) = ¢ (x)T'(z). O
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The next corollary appears as 4.253.1 in [2].
Corollary 9.2. Let a, b, c € RT. Then

(9-3) /0 2711 — 29 Inxde = % (

<
/N
| 2
N———
|
=<
~~
SRS
_|_
fwpl
N—
N————

c

PROOF. Let t = z° in the integral (9.1).

123

Example 9.3. The formula in the previous corollary also appears as 4.256 in

the form
o0 (2 pien - A (52) o (£22) - 8)]

Example 9.4. The integral

1 2n 1
" Inz
9.5 7dx=/ 22(1 - 22)7Y2 nzde
09 o Vi )y
that appears as 4.241.1 in [2], corresponds to a = 2n+ 1, b = % and ¢ = 2 in (9.
Therefore
1 . .2n 1 1
z*" Inx I'n+35)I(5)
(9.6) = 2= 2° [Y(n+3) —¢(n+1)].

o Vi T AT+ 1)
Using (1.7), (1.11) and (1.14) yields

1 2n 1 2n 2n _1 k—1
i nxdx:(")ﬂ Z( ) —n2].
o VI-22 92n+1 k

k=1

(9.7)

This is 4.241.1.
Example 9.5. The integral in 4.241.2 states that
12041 2n+1 k
x Inz (2n)!! (-1)
9.8 dr = In2 — .
©:8) o Vi—z2 (2n—|—1)!!<n + 2

Writing the integral as

1
(9.9) I :/ 21— 2?) V2 Inzde
0

we see that is corresponds to the case a =2n +2, b = %, ¢ =21in (9.3). Therefore
_ T+ 1))
© AD(n+3)
Using (1.7), (1.11) and (1.14) yields

(9.10) [W(n+1)—pn+3)].

1, 2n+1 2n 2n+1 Kk
x Inz 2 (-1)
9.11 ——dr = ———-—— | In2+ E
( ) 0 /1 ) (n T 1) (2n7:r1) ( P k )

This is equivalent to (9.8).

3).
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Example 9.6. The integral 4.241.3 in [2] states that

1 2n _
(9.12) /0 /1 — 22 lnxdx—M T <Z (_1)k 1 B 1 2_1n2>.

2n+2)!! 2 = k 2n +

To evaluate the integral, we write it as
1
(9.13) 1= / 2" (1 —2*)Y? nxde
0

and we see that is corresponds to the case a = 2n+1, b = %, ¢ =21n (9.3). Therefore

_ Tt HIE)
4I'(n+2)

Using (1.7), (1.11) and (1.14) yields

1 2n 2n
(9.15) /0 "V1—22Inxdr = —£ <1n2 + ! + Z (_1)k> .

(9.14) Yin+ 1) —y(n+2)].

22042 (n41) n+2 k

This is equivalent to (9.12).
Example 9.7. The integral 4.241.4 in [2] states that

2n+1 k—1
(9.16) 2”'“\/ — 2?2 Inzxdx = (7 <1n2 + Z - ) .

0 (2n +3)! 2n+3

To evaluate the integral, we write it as
1
(9.17) I= / 221 — 2)Y? Ingda
0

and we see that is corresponds to the case a = 2n+2, b= 3, ¢ = 2 in (9.3). Therefore

F(n+1)T(2)

_ _ 5
(9.18) I= Tt ) [Wn+1)—yn+2)].
Using (1.7), (1.11) and (1.14) yields
(9.19)
92n+1 1 2n+-1 (_1)k
2n+1 _ —_ _
| T V1—22Inzdx (n+1)(n+2)(2::13) (1112 2n+3+ kz:; 3 .

This is equivalent to (9.16).
Example 9.8. The integral 4.241.5 in [2] states that

(9.20) / Iz /(1 =222 1 dz %w(nﬂ)ﬂﬂnq

To evaluate the integral, we write it as

1 1
(9.21) I:/ (1—2*)""2 Inzdx
0
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and we see that is corresponds to the case a =1, b=n+ 1, ¢ =2 in (9.3). Therefore

L(n+3)T(3)

(9.22) 1= =D [(3) —v(n+3)].
Using (1.7), (1.11) and (1.14) yields

' - o) ~1
(9.23) /0 (1—22)""2 1nxdx:—22n+2 (21n2—|—kz—1%> .

This is equivalent to (9.20). This integral also appears as 4.246.
Example 9.9. The case n =0 in (9.7) yields

1
Inxdzx T

9.24 —— = ——1n2.

(9.24) i 5

This appears as 4.241.7 in [2].
Example 9.10. Formula 4.241.8 states that

*  lnzdx
9.25 —————==1—-In2.
(9.25) 1 2vVa? -1
To evaluate this, let ¢ = 1/z to obtain
1
(9.26) I= —/ t(1 —t2)"Y2 Intdt.
0
This corresponds to the case a =2, b = % ¢ =21in (9.3). Therefore
P(1)r(s)
9.27 I=———" 222 Ty(1) —p(2)],

and the value 1 — In2 comes from (1.11) and (1.14).
Example 9.11. The case n =0 in (9.15) produces

1
(9.28) / VI—22lhade = —~(2In2+1).
0

8
This appears as 4.241.9 in [2].

Example 9.12. The case n =0 in (9.19) produces

1
1
(9.29) / zV1—a? lnxdx:§(31n2—4).
0
This appears as 4.241.10 in [2].
Example 9.13. Entry 4.241.11 states that

V' Inzdx V27

o (1l —1x2) 8

To evaluate the integral, write it as

(9.30) I (3) -

1
(9.31) I z/ V21— 2H V2 nadae
0
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Example 9.14. The identity

1
(9.33) /0 \/5”1111_; de = —g In?2
appears as 4.243 in [2]. To evaluate it, we write it as
(9.34) I= /01 (1 —a2" V2 Inzde
that corresponds to a = 2, b= %, ¢ =4 in (9.3). Therefore,
(9.35) 1= 228 [9(3) - w(1)].

The values ¢(1) = —v and 1(3) = —y — 2In2 gives the result.

Example 9.15. The verification of 4.244.1:
V' Inzdr :_1P3 (l)
is achieved by using (9.3) with a = 2, b= 1 and ¢ = 2 to obtain
2

e L IIORO

Using (1.9) and (1.16) produces the stated result.
Example 9.16. The usual application of (9.3) shows that 4.244.2 is

(9.36)

[SU

(9.37)

win

1
Inzdx 2m 1
e 27 4+ ,
o 1w s )
where we have used I'($)I'(2) = 27/v/3. It remains to evaluate ¥(%). The identity
(1.16) gives

(9.38)

1 2 4
(9-39) v(z)-v(3) = A
To obtain a second relation among these quantities, we start from the identity
339:71/2
(9.40) I(32) = = —T(@) Iz + DT(z+2)
that follows directly from (1.6), and differentiate logarithmically to obtain
1
(9.41) P(3z) =In3 + 3 (d}(x)—l—w(x—i— %)—Fzﬂ(w—k%) )

The special case © = % yields

(9.42) ¢ (3)+¢(3) =2y -3m3.
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We conclude that

3 T
9.43 L= ~_Zn3—- —
( ) d}(g) Y B 2\/3
and

3 T
9.44 2)=—y—-In3+ —=.
(9.4 V) =y g3+ T
This gives

1
Inxdz T s

9.45 =— In3+—1,
(9.45) V1 —a3 3\/3( 3\/5)

as stated in 4.244.2.
Example 9.17. The evaluation of 4.244.3:

U Inzde _ (ln3— ™ )
V1= a3 3V3 3v3)’

proceeds as in the previous example. The integral is identified as

(9.47) I=1r3)raG) W(3) +4].

The value (9.44) gives the rest.

(9.46)

Example 9.18. The change of variables t = z* yields

Yo nzde 1 (!
2P Inxdx
9.48 = — [ "I 1 )72 Intdt.
(9.45) e [
The last integral is evaluated using (9.3) with a = p+1 , b= % and ¢ = 1 to obtain
"2P Inxd I 1

o R e () ()]

0 1—at 16 T(2=)

The special case p = 4n + 1 yields

gttt Ingd
(9.50) i ’ \/ﬁ © = féZF(n—i— D+ 1) —wn+1)].

The special case p = 4n + 1 yields
Vet ingdr  Al(n+3)

[W(n+3)—¢mn+1)].

0 Vv1— a;‘4 a 16n'
Using (1.7), (1.11) and (1.14) yields 4.245.1 in the form
1, 4n+1 1 d 7T( )
x nzdr
(9.51) e~ s |2 Z

The special case p = 4n + 3 yields

et ngdr  anl 3
Vi vt 1o v B GRS G I

127
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Using (1.7), (1.11) and (1.14) yields 4.245.2 in the form

1 4n+3 11 0 doe 92n—2 ( 2n+1 (_1)k>

(9.52) o Vi-azt  (@2n+1) () ln2+k§ g

Example 9.19. The change of variables t = 22" produces
Inxdx 1 S N 1
- ton” (1 —t) n Intdt.
= | ey

Then (9.3) with a = 53—, b=1—1 and ¢ =1 give the value

2n?
U Inzde B D(=)I(1— 1) [
0 V1—az2 4n2T(1- 5)
Using (1.7) and (1.14) to obtain

(9.55) P nade 7 B(35:5,)
. o Y1—a2n  8n? sin (£)

1
(9.53)

(9.54)

This is 4.247.1 in [2].

Example 9.20. The change of variables t = x2 gives

1 1t 1
_ nwdr :—/ #3011 — )7 Intdt.
0o Yar—1(1—x?) 4 Jo

1

Using (9.3) we obtain

(9.56) ! Inzdz _ D() (1 —5) [
o Vo -2

Proceeding as in the previous example, we obtain

! Inzdx _ 7B (5=, 5)

o Vo Ti—a?) 8 sin(g)

¥ (5) v (1= 55)]-

(9.57)

This is 4.247.2 in [2].

Some integrals in [2] have the form of the Corollary 9.2 after an elementary change
of variables.

Example 9.21. Formula 4.293.8 in [2] states that

(9.58) /0 2 n(l — z)dr = —% (W(a+1)+7).

This follows directly from (9.3) by the change of variables  — 1 — . The same is
true for 4.293.13:

(9.59) /0 2711 — 2)*71 In(1 — 2) dz = B(a,b) [¢(b) — 1(a + b)].
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Example 9.22. The change of variables t = e™* gives

00 ) 1 1 ) 1
(9.60) / re=*(1 — €27)"" 3 dg = —/ (1= )" % Intdt.
0 0
This latter integral is evaluated using (9.3) as

(9.61) 1= YLD (4 (3) v+ 1),

Using (1.7) and (1.11) we obtain

> —x —2z n—l 2: m S 1
(9.62) /0 ze (1 —e *)' T2 dy = ggn)JrQ <21n2—|— ZE) .
k=1

This appears as 3.457.1 in [2].

10. An announcement

There are many integrals in [2] that contain the term 1+ z in the denominator,
instead of the term 1 — x seen, for instance, in Section 3. The evaluation of these
integrals can be obtained using the incomplete beta function, defined by

1 afld
(10.1) 5(a) ;:/0 xH;

as it appears in 8.371.2. This function is related to the digamma function by the
identity

(10.2) Bla) = 5 {w (“;1) —w(g)].

These evaluations will be reported in [5].

11. One more family
We conclude this collection with a two-parameter family of integrals.

Proposition 11.1. Let a, b € Rt. Then

e a 1 dz v
11.1 et ) == 1L
(11.1) /0 <6 1—|—a:b> x a’

independently of b.

PROOF. Write the integral as

o a b dx & b 1 dxr
11.2 ( T = ’w) — / ] —.
(112) /o ‘ ‘ x - 0 <e 1+$b> T

The first integral is (a — b)7y/ab according to (2.10). The change of variables ¢t = x
converts the second one into

1 [/ _ 1 dt ~
11. 1 e L \dt_ o
(113) b/o <6 1+t) b

according to (2.6). The formula has been established. O

b
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Example 11.2. The case a = 2" and b = 2" gives 3.475.1:

e n 1 dz v
2 —
(11.4) /0 <eXp(—x ) — o x2”“) = o

Example 11.3. The case a = 2™ and b = 2 gives 3.475.2:

e n 1 dz v
— 2 R = __
(11.5) /0 <exp( ) 1—|—x2) . on

Example 11.4. The case a = 2 and b = 2 gives 3.467:

e 2 1 dz vy

11.6 [ [ R
(11.6) /0 (e 1+ x2> x 2

Example 11.5. Finally, the change of variables ¢t = ax yields

o0 1 dx o0 gmpt/a _ o=t > 1 dt
11.7 e & _ [T TC - )&
( )/0 (6 1+a2x2) x /0 ¢ +/0 (e 1+t2) ¢

The first integral is In £ according to (2.5), the second one is —y. This gives the
evaluation of 3.442.3:

° 1 dx a
11.8 | — = In—.
( ) /0 <€ 1+a2x2) x 7+np
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