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The integrals in Gradshteyn and Ryzhik.
Part 5: Some trigonometric integrals

Tewodros Amdeberhan, Luis A. Medina, and Victor H. Moll

ABSTRACT. We present evaluations and provide proofs of definite integrals in-
volving the function zP cos™ x. These formulae are generalizations of 3.761.11 and
3.822.1, among others, in the classical table of integrals by I. S. Gradshteyn and
I. M. Ryzhik.

1. Introduction

The table of integrals [4] contains a large variety of evaluations of the type
b
(1.1) I= / A(z)R(sin z, cos x) dx

where A is an algebraic function, R is rational and —oco < a < b < co. We present a
systematic discussion of two families of integrals of this type. This paper is part of a
general program started in [9, 10, 11, 12] intended to provide proofs and context to
the formulas in [4].

The first class considered here corresponds to the complete integrals

/2
(1.2) c(n,p) = / aP cos” x dx,
0
and
/2
(1.3) s(n,p) :z/ zP sin” v dzx,
0

where n, p € N. In section 2 we present closed-form expressions for these integrals.
These expressions involve the sums

1
1.4 E -5
(1.4) k%kQ---k?’

1<ks ko< Shy<n 172
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that are closely related to the multiple zeta values

(1.5) Clinyiz, o is) = > 1

il iQ P is ’
0<ki<ko<---<ks k' ks ks

The reader will find in Section 3.4 of [3] an introduction to these sums.
In general, one does not expect such elementary evaluations to extend to p ¢ N.
For example, the change of variables x = 7t?/2 produces

/2 1 7Tt2
(1.6) / 72 cosxdr = v 271'/ cos (7> dt.
0 0

The latter integral is evaluated in terms of the cosine Fresnel function

x 2
(1.7) FresnelC|z] :z/ oS <%> dt,
0

which indeed is not an elementary function.
The second class considered here presents generalizations of the formula 3.822.1
in [4] stated as

> cos?tl g 1 [~/ 2n+1 1
1.8 ———dr = -/ = ——, neN
oy [T e 5 () s
The integral in (1.8) can be transformed via t = 22 to provide the evaluation of
(1.9) / cos® 1 2 qt,
0

that is given as the case p = 2 in Theorem 3.2.
Section 3 contains analytic expressions for the generalizations

(1.10) Cr(p,b) :== / 2P cos®™ T (z + b) du,
0

and

(1.11) Sn(p,b) == / 7P sin®" T (z + b) da.
0

The last section also contains some evaluations obtained by differentiation with respect
to parameters. An illustrative example is

[ logx logy 2
1.12 / / ————cos(z +y)dxdy = (v + 2log2)n~,
(112) [ et ) ( )

that is equivalent to

oo o0 1
(1.13) / / log z logy cos(z? + y?) do dy = E('y + 2log 2)m?.
o Jo

A generalization of this evaluation appears as Example 3.3.
The method described in the present work gives impetus to a class of integrals that
are closely related to the particular integral computations addressed in this paper.
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2. The first example

In this section we present the evaluation in closed-form of the definite integrals

/2
(2.1) c(n,p) = / aP cos" x dx.
0

A special case of this appears as 3.822.1 in [4].
The first step towards the evaluation of ¢(n,p) is to produce a recurrence.

Theorem 2.1. The integral c¢(n,p) satisfies the recurrence

(2.2) c(n,p) = nglc(n—lp)—]%c(n,p—%,

forn>2,p>2.

PROOF. The identity cos?z = 1 — sin? z yields

(2.3) c(n,p) = c(n—2,p)—1I(n,p)
where
/2
I(n,p) := / 2P cos" 2 x sin? z dx.
0

Now

/2 d 1

I(n,p) = /0 xpsinxx%<—n_1cos”1x> dx
1

w/2
= / (a:p cosx + pzP~tsin x) cos" txdx
2n —1 0

/2
= c(n.p) + P / 2P~ sinz cos" !z du.

Moreover

w/2
2P lsinzcos" txdr =
0 0 de
p—

n

7T/2 d 1
e — <—— cos” x) dx
n
1
c

(n7p_ 2)
U

Strategy: According to (2.2), the integral ¢(n,p) can be evaluated in terms of the
initial values given in the table. The indices m and ¢ have the same parity as n and
p respectively and range over 0 < m <n and 0 < ¢ < p.

n modulo 2 || p modulo 2 || initial conditions
0 0 ¢(m,0) ¢(0,q)
c

(1,9)
(0,q)
(1,9)

Y

1 0 (
0 1 o
1 1 (

—_— T
Q

Q
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We now evaluate the initial conditions ¢(n, 0), ¢(n, 1), ¢(0,p) and ¢(1,p).

The expression for ¢(0, p).
The computation of the identity

1 T\ P+l
2.4 0,p) = —— (—)
(24) 0 = = (3
is immediate.
The expression for ¢(n,0).
This is classical. The result appears as 3.621.3 and 3.621.4 in [4].

Theorem 2.2. (Wallis’ formula and companion). Let n € Ny. Then
™ [(2n

and
22n

The shortest proof of Theorem 2.2 employs the representation

n+1l n+1
2 7 2 ’

that appears as 3.621.1 in [4]. Here B is the Euler’s beta function defined by the
integral

(2.8) Bla,y) = /0 (1 — Lt

The expression (2.7) follows from the change of variables ¢ = cosu. To express (2.5)
and (2.6), in terms of the beta function, employ the standard relation

/2
(2.7) ¢(n,0) = / cos" xdr =2""'B (
0

(2.9) B(z,y) = %a
and the special values
(2.10) L(n)=m-1)! and T(n+3) = V7 (2n)!

221
that are valid for n € N.

The identity in Theorem 2.2, in the case n is even, that is,

/2 ™ (2n
(2.11) c(2n,0) = /0 cos®" 0 df = W( )7

n

is Wallis’s formula and sometimes found in calculus books (see e.g. [6], page 492).
To prove it, first write cos?# = 1 — sin®  and use integration by parts to obtain the
recursion

2n —1

(2.12) ¢(2n,0) = o c(2n —2,0).
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Then verify that the right side of (2.11) satisfies the same recurrence together with
the initial value 7/2 for n = 0.

We now present a new proof of Wallis’s formula (2.11) in the context of rational
integrals. Extensions of the ideas in this proof have produced rational Landen trans-
formations. The reader will find in [1, 2, 5, 7, 8] details on these transformations.

Start with

/2 /2 n
c(2n,0) = / 6082"9d9=/ <1+C72OS29) de.
0 0

Now introduce 1 = 20 and expand and simplify the result by observing that the odd
powers of cosine integrate to zero. The inductive proof of (2.11) requires

/2,
(2.13) o(2n,0) = 27" > (2i)c(2i,0).

=0
Note that ¢(2n, 0) is uniquely determined by (2.13) along with the initial value ¢(0, 0) =
/2. Thus (2.11) now follows from the identity

211 o= S () (%) = (%)

We now provide a mechanical proof of (2.14) using the theory developed by Wilf
and Zeilberger, which is explained in [13, 14]; the sum in (2.14) is the example used
in [14] (page 113) to illustrate their method. The command

ct(binomial(n, 2¢) binomial(2i,4)272%%,1,4,n, N)
produces
2n+1
2.1 1) =
(215) o+ = 2 s,

and one checks that 27" (Qn”) satisfies this recursion. Note that (2.12) and (2.15) are
equivalent under

0
The proof is complete.
Closed form expression for ¢(1,p).

We now consider the evaluation of

w/2
(2.16) c(l,p) == / 2P cosx dx.
0

The following evaluation appears as 3.761.11 in [4].
Theorem 2.3. Let p € N and doqq,, be Kronecker’s delta function at the odd
integers. Then

€p

@1 ) = (5) T - s

k=0
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where &, = [§].
PRrooF. Both sides of the equation (2.17) satisfy the initial value problem

P -2
(2.18) up —p(p — Dup_o = (g) and ug =1, uy = T 5
Actually the recurrence (2.18) is obtained using integration by parts in (2.16). Iterat-
ing this recurrence yields the right hand side of (2.17). O

Note 2.4. The result in Theorem 2.3 can be expressed in terms of the Taylor
polynomial for cosx:

2.19 — (1)l | 1 (1) 2+
(2.19) fo(z) = (=1)>p! | — +I§mx

The formula (2.17) can be restated

|} fo(7/2), for p odd,
(2.20) e(1,p) = {f;(ﬂ/2), e

Closed form expression for c¢(n,1): in fact, this would be the last initial condition
we require to execute the startegy outlined at the beginning of this section.

Theorem 2.5. The integral c¢(n, 1) satisfies the recurrence

(2:21) 1) = "lon-2,1)-

n n?

PROOF. The identity cos?z = 1 — sin? z yields

(2.22) e(n,1) =¢(n—2,1) — J,
where
/2
(2.23) J = / zsin® z cos" %z dz.
0
Integration by parts leads to
1 7\'/2
(2.24) J= / (sinz + x cos x) cos™ ! z du.
n—1 0
This produces (2.21). O

The solution of (2.21) yields a closed-form formula for ¢(n,1).

Theorem 2.6. The integral ¢(n, 1) is given according to the parity of n, by

2.25 o1y — ) (g~ 2%
k=1

for even indices. For odd indices, we have

(2.26) ity (r o5~ G)
' T () \2 T &k )
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To establish this result we solve a more general recurrence than (2.21).

Lemma 2.7. Let a,, b, and r, be sequences with a,, b, # 0. Assume that z,
satisfies

(2.27) anzp = bpzpn_1+rn, n>1

with initial condition zg. Then

b1b2 ayasg - ak 1
2.28 n= .
( ) * aian - < b1b2 rk)

PROOF. Introduce the integrating factor dn with the property that d,,b, = dp—1ap—_1.
The recurrence (2.27) becomes

(2.29) Dy — Dp—1 = dnrn,
where D,, = d,ayzy,. Therefore, by telescoping,

(2.30) Dy, = Do + Z AT,
k=1

with Dg = dpagzg. To find the integrating factor, observe that

dn Ap—1
2.31 = .
( ) dn—l bn
Thus
apai -+ an—1
2.32 dp, = ——dp.
(2.32) biby---b, °
Replacing in (2.30) yields (2.28). O

Corollary 2.8. Let n € N and assume that z, satisfies
(2.33) 2nz, = (2n — Dzp_1 + 1, n 2 1,
with the initial condition 2. Let \; = 2% (2?)71, then

(2.34) iy = — (zo + Z A”’“) .

n

Proor. Use a,, = 2n and b, = 2n — 1 in Lemma 2.7. O

We now apply Lemma 2.7 on the recurrence (2.21), repeated here for convenience

to the reader,
1
n?’

e(n,1) = — 1c(n—2,1)—

Observe that this recurrence splits naturally into even and odd branches. The value of
¢(2n,1) is determined completely by ¢(0,1), and ¢(2n + 1,1) by ¢(1,1). Hence, there
is no computational interaction between ¢(2n,1) and ¢(2n + 1,1). Let z, = ¢(2n,1)
so that x,, satisfies

1

2.35 2 n — 2n —1 n—1" 7"
( ) nx, = (2n )Tn—1 ™
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with the initial condition
2

(2.36) 2o = ¢(0,1) = %.

Similarly, y, = ¢(2n + 1, 1), the odd component of ¢(n, 1), satisfies
1

(2.37) (2n + D)y, = 2nyp—1 — 1

and the initial condition

(2.38) Yo = c(1,1) = g ~1.

The expressions for z, in Lemma 2.7 yield the formulas for ¢(2n,1) and also
¢(2n+1,1) in Theorem 2.6. The proof is complete.

Note 2.9. The finite sums in (2.25) and (2.26) do not have closed-form, but it is
a classical result that, in the limit,

0 22k 7.(.2
(2.39) = —
L
and
2.40 i _G)
(240) 22k(2k +1)  2°

k=0

Note 2.10. Formula 3.821.3 in [4] gives formulas equivalent to (2.25) and (2.26),
respectively.

Finally, we conclude this section by presenting ithe sought for closed form expres-
sion for the integral ¢(n, p), for arbitrary n, p € N. The recurrence (2.2), in the case
of even indices n, becomes

p(p—1)

(2.41) 2nX,(p) = 2n— 1) X,—1(p) — o

where X,,(p) = ¢(2n, p). The initial value

1

- pH1
(p+ 21"

(2.42) Xo(p) =

given in (2.4) and the recurrence (2.41) show the existence of rational numbers ay, p p+1—2;
such that
€p

(2.43) Xn(p) = Z an ppr1—2; 7T,
=0
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with &, = [§]. The recurrence (2.41) is now expanded as

£p €p
(244) 20 apppr1o T = 20 —1)) an-1ppr1ogm T
=0 i=0
plp—1)
—1-2j
T JZ:O An,p—2,p—1-2;7" .

The fact that the coefficients a, ,; € Q allows us to match the corresponding
powers of 7 in (2.44). The highest order term is 77T1. Only two of the sums contain
this power, therefore

(2.45) 2nan p,p+1 = (2n — 1)an—17p7p+1-

The initial condition

1

(2.46) Q0,p,p+1 = W

comes from (2.42). The solution to the initial value problem (2.45, 2.46) is then found
using Corollary 2.8 (here r,, = 0), namely that

)

(2.47) npptl = ] g2t

The coefficient of the next highest power 77~ in (2.44), yields the recurrence

-1
(2.48) 2nanpp-1=(2n—1)an—1pp-1 - %anm—lz}—l-

Observe that the last term in this relation is given by (2.47). Moreover, (2.42) shows
that agpp—1 = 0. The solution to (2.48), following Corollary 2.8, is

2n n
r(.) L
(2.49) Anpp=1 = " 5ontprl Z 72
k=11
The next power of 7 in (2.44) produces

p(p—1)(p—2) (2n Z” 1
(2.50) 2anpp=s = (20 = Dintpp-s =gy \ ) 2 @
1=1

with agpp—3 = 0. One more use of Corollary 2.8 yields

(2:) p| n ks 1
(2.51) 4npp=3 = 9ontptl (p — 3)1 > Z k3k3'

This procedure can be repeated until all descending powers of m have been ex-
hausted, hence a complete closed form for the integrals c¢(n,p) will be made possible.
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Theorem 2.11. Let n, p € N and let {, = |£]. Then the even branches X,,(p) =
¢(2n, p) of the integral

/2
(2.52) c(n,p) = / xP cos™ x dx
0
are given by
&p ‘
(2.53) Xn(p) = Z an,p,p+lf2j7rp+172j + dodd,p - a’;,;ﬂ
=0

and the value of ay, p pt1-2; for p > 2 and 0 < j < &, is given by

(2
a +1-25 = (_1)j(:)p! E 71
n,p, — - . b
\D,P J 22n+p+1 (p +1— 23)! Lk <k <n % 5 .. kJ2

and

058 o, = G > p 1

mp T 922n 2L2 ... 2 2(2J
Ik <n FTRE iy 2 (Y)

Bo g2

Similarly, for the odd branches Y'(n,p) = ¢(2n + 1, p) we have

&p

(255) Yn(p) = Z bn,p,p—QjT"p_QJ + 5odd,p : b;;,pa
=0

with

bty = =2 > ! ,
- @n+ D)) (0= 20)! ooy, i cn, < (BR1 D22k + 1) (2 +1)7
and

b, = (=1 plaze ) 1 i | (2;) |
P (2n+ 1) (%) (k1 + 1)2(2hz + )2+ 2k + 1)? 22 2292 + 1)

0<h1 <ka < <hp<n

3. Some examples on the halfline

In this section we provide an analytic expression for

(3.1) Cn(p,b) = / 7P cos®™ M (z + b) dx,
0

and

(3.2) Sn(p,b) = / 7P sin®" M (z + b) da.
0

In the table [4] the evaluation of the special case p = % and b= 0:

% cog2ntl 1 - m+1 1
(3.3) cosm T xdsz\/EZ( nr >7
o Vz 2\ 2 = \n+k+1)2k+1
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and
00 :.2n+1 n
sin x 1 2n+1 1

3.4 T Tr=— [N (—1)k I —

(34) , vz 22"\/;;)( ) <n+k+1> ok 1

as 3.822.2 and 3.821.14.

Theorem 3.1. Let 0 < p <1 and n € Ny := NU{0}. Then

> r-p) .y Giy)
—p 2n+1 _ Lt n—
(3.5) /0 x 7P cos rdr = 5o bln( 5 ) g Zh+ )P
k=0
and
o r'(1-p) T\ (Gany
p 2n+1 Nl Sl ) Y _1\k__\n—k/J
(3.6) /0 x”Psin rdx oo cos( 5 ) ,;:0( 1) k1)

PRrROOF. The identity 2cosz = €™ + e~* and the binomial theorem yield
(3.7)

/oo b COSQTLJrl edp — 2727}71 Z (2’(1, + 1) /oo o (ei(2n+1—2k)x + efi(2n+172k)) dr.
0 k=0 K 0

Recall the Heaviside step function defined by H(z) = 1, if z > 0 and H(z) = 0
otherwise. Then, each of the integrals in (3.7) is evaluated using the Fourier transform

> . (1 -
(3.8) / H(z)x Pe™™%dx = ﬁexp(—m(l — p)sign(w)/2).
]
Corollary 3.2. Let p > 1 be real and n € Ny. Then
> 1 (p+1 T\ o= ()
2n+1 _.p = o n—k
(3.9) /0 cos 2P dx = 22nI‘ <—p > cos (Qp) kZ:O @k + 1)
and
n 2n+1
< Lo (p+1\ . (= (o)
2n+1 _p _ o _1\k n—=k
(3.10) /0 sin P dx = 22nf‘ ( ’ > sin (Qp) kZ:O( 1) Ok + )

PROOF. The change of variables 2 — x'/(1=P) in the results of Theorem 3.1 gives
the result. g

The last result described here is a further generalization of Theorem 3.1.

Theorem 3.3. Assume b € R, 0 < p < 1 and n € Ny. Define
(3.11) Crn(p,b) = / 7P cos®" M (z + b) do
0

and

(3.12) Sp(p,b) = / P sin®" T (z + b) da.
0
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Then

T =p) &~ 20+ 1\ sin(F - (2k + 1)b)
(3.13) Cn(p,b) = “o2n I;) <n - k> 2k +1)1-» 7
and
618 Sty = CE Yy <2: _+k1> cos(gk—+ (12)k1 1),

k=0

PROOF. Denote the left-hand side of (3.13) and (3.14) by f,(b) and g, (b) respec-
tively. Differentiation with respect to the parameter b yields

agn n—1 /n
(3.15) - — D"+ Dfn = @2n+1) ) (=1)7( ) f5(b)
ab J:ZO (J)

s ng = —eat) X (1)oo),

: J
7=0
Considering b and p fixed, we now show that the right-hand side of (3.13) and (3.14)

satisfy the system (3.15) with the same initial conditions. This will establish the result.
In the case of the right-hand side of (3.13), it is required to check the identity

P 2n + 1\ sin(5p — (2k + 1)b)
2 Z(_l)k(n—k) (2k + 1)1-

k=0

n (7o 7. 725+ 1\ sin(Zp — (2k + 1)b)
(2n+1)) (-1) <j>2 i ]§<j—k) §2j+1)1*” '

Jj=0

To verify this we compare the coefficients of the transcendental terms
sin(5p — (2k +1)b)
(2k + 1)t-p
It turns out that this question is equivalent to validating the identity

516 (e <2nn _+kl) @k +1) = (204 1) 3 (~1p27Y <”> (i" _+k1>

i=k J

To this end, we employ the WZ-technology as explained in [14]. This method produces
the recurrence

(3.17) 2ln+k+1)n+1—-Kun+1—-k)—(n+1)2n+ 3)u(n, k) =0.

To prove (3.16) simply check that both sides of (3.16) satisfy the recurrence (3.17) as
well as the initial condition u(0,0) = 1.
The identities

(3.18) /000 z Pcos(x+b)de = -I'(1—p)sin(b— &)

/ z Psin(z +b)der = T(1—p)cos(b— EF),
0
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which are special cases of

(3.19) /0 z7Pcos(ax +b)dz = —a” 'I'(1—p)sin(b— EF)

/ z Psin(az +b)dr = a’"'T(1—p)cos(b— ),
0

show that the corresponding initial values in (3.13) (respectively 3.14) match. The
evaluations (3.19) appear as 3.764.1 and 3.764.2 in [4]. To establish (3.18) expand
cos(z +b) as cosz cosb — sin z sin b, use the change of variables x — P, and Theorem
3.1. O

We now discuss some definite integrals that follow from Theorem 3.3.

ExaMPLE 3.1. Differentiating (3.13) with respect to p and setting p = and b=0
gives, after the change of variables z — 12,

(3.20)
o0 2 /on+1 1
1 2l 2 dy = VT 2+ +4log 2 S —
/0 08T Co8 v 22n+3(”+ vHdlog2)d ()=

k=0

B Z 2n —|— 1\ log(2k + 1)
22n+2 Ak +2
where we have used the value I'(1/2) = —\/7?(7 + 2log?2).

EXAMPLE 3.2. Assume 0 < p, ¢ < 1. Multiplying (3.13) by b~ and integrating
over the half-line yields (after replacing b by y)

/ / os” T (x +y) —— > dA = -T(1-pI'(—q)cos <@>

ajpyq
i 2n 4 1\ (2k + 1)P+a—2
n—k 22n '
k=0

X

In particular, for n = 0,

(3.21) / / COS@HY) 44 = _p(1 = )1 — q) cos (M) .

xPyd 2

The derivative aa—;q at p=q= 5 produces the evaluation

hal! 1
(3.22) / / oga: 8y cos(z + y) dz dy = (v + 2log 2)7>
that we promised in the Introductlon.

ExXaMPLE 3.3. Iterating the method described in the previous example yields

s ~1)A»7"/2 [Rep, if n is even
Jel?) - [[roga; av = CUT " ’
/R (cos ) - ] [ 10g 92n Imy, ifnis odd,

+ j=1



46 TEWODROS AMDEBERHAN, LUIS A. MEDINA, AND VICTOR H. MOLL

with

n(n+1)

(3.23) An=——

, U = <7—|—210g2+ %l) emin/A,
2
i

Here ||z||? = 22 + - -+ + 22 and v is Euler’s constant. For instance, for n = 3 we have

0o oo 0O 3/2
/ / / log zlog y log z cos(z?4+4°+22) dx dy dz = 7rT(—1653—}—12527r—|—6£7r2—7r3),
o Jo Jo

where £ = v + 2log 2.
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