LOGCONCAVITY OF A SEQUENCE OF COEFFICIENTS
ARISING FROM A FAMILY OF DEFINITE INTEGRALS

A finite sequence of real numbers {dy, di,- - ,d,,} is said to be unimodal if there
exists an index 0 < j <m such that dg < dy <---<djand d; > dj1 > > dm,.
The sequence {do,d1, - ,dn} with d; > 0 is said to be logarithmically concave (or
log concave for short) if dj1d;—1 < d? for1<j<m-—1.

The question deals with
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The polynomials P,,(a) arise in the formula
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We have established the following result.

Theorem. If P is a polynomial with positive nondecreasing coefficients, then
P(x + 1) is unimodal.

This is used in [1] to establish the unimodality of d;(m) and other sequences.
The question is to establish the logconcavity of the coefficients d;(m). We believe
that much more is true. For a sequence a = {a; : 1 <4 < n} define the operator

£(a) = {a? —ajt105-1:1<j<n}

We say that a is k-logconcave if £7(a) is a positive sequence for 1 <r < k. In this
language, logconcavity is 1-logconcave. A sequence is called oo-logconcave if it is
k-logconcave for every k.

Problem 1. Prove that the coefficients d;(m) form an oco-logconcave sequence.
It is perhaps simpler to establish this for the binomial coefficients.
Problem 2. Prove that the binomial coefficients form an co-logconcave sequence.
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