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VICTOR H. MOLL
ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals that

can be evaluated using the Bessel function. Some examples are discussed.

1. INTRODUCTION

The Bessel function J,, is defined by

B e (—1)k z v+2k
(1.1) J”(Z)_I;Oklr( YE+1) (2) '
and similarly
e 1 2\ v+2k

(12) L(z) = kZ:O KIT(v+k+1) (5) '
In particular,
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k=0
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k=0

2. AN EXPONENTIAL REPRESENTATION

The evaluation of 3.339 in [1]:

(2.1) / e® % dy = wIp(z)
0
can be done directly by expanding the exponential
) Zj T .
(2.2) I= Z F/ cos’ z dz.
j=0 7" 70
The integral vanishes for j odd and for j = 2k, using Wallis’s formula
T m (2k)!
(2.3) /0 cos?* zdx = ok
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yields the result.
3. AN INTEGRAL REPRESENTATION

The integral representations of the Bessel functions are stated next.

Theorem 3.1. The Bessel function J,(z) has the representation

v

1
z 1
(3.1) Ju(z) = —/ (1 —t%)""2 cos zt dL.
2T+ 3HT(3) /o
Similarly,
(3.2) I(z) = = /1 (1- tQ)”’%eZt dt
' v 2T+ )T(3) '
Proof. Start (]
In particular, for v = 0, we have
I 1
(3.3) Jo(z) = —/ (1= 2)""% cosatd,
TJ-1
and
1! 1
(3.4) Iy(z) = —/ (1—t%)""2e* dt.
)
The special case v = 0 and z = 2 gives 3.364.2:
1 2z
e“*dx
3.5 — =7lH(2
(3.5) 1 V1 =22 0@
The identity
2 _px 1 -
(3.6) / _edz — P e Pde 7
0 Vz(2—1) 1 V1 —¢?

comes from the change of variables t = z — 1. Changing ¢ to —t gives the evaluation
of 3.364.1:

(37) ) m = Weiplo(p).

4. THE BESSEL K-FUNCTION

The Bessel function of imaginary argument K, (z) defined by

(4.1) K,(z) =77

admits the integral representation
_ 2 * —t—22/4t

This formula appears in 8.432.6. The change of variables s = 1/t yields
_ i > v—1_-1/s—2%5/4

(4.3) K,(2) = ST /0 s e ds.

The change of variables s = aw produces

z"a” > v—1_—1/as—bs
(4.4) K, (z)= 2u+1/0 w' et /ashs g,
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with z = 2v/b/\/a. The special case v = 1, with ¢ = 4/a yields

(4.5) / e~ c/Ashs g — \/gKl(\/E).
0
e3.324.1  This appears as 3.324.1 in [1].
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