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VICTOR H. MOLL

ABSTRACT. We present a systematic derivation of some of the definite integrals
in the classical table of Gradshteyn and Rhyzik that are related to the Fresnel
integral.

1. INTRODUCTION

The table of integrals [1] contains some evaluations that can be related to the
Fresnel integrals

(1.1) S(x) = \/E/Or sint? dt,

and

(1.2) C(z) = \/%/Om cos t? dt.

Our goal is to present in a systematic manner, the evaluations appearing in the
classical table of Gradshteyn and Rhyzik [1], that involve this function. These
definitions appears as 8.250.2 and 8.250.3 respectively.

2. THE COMPLETE FRESNEL INTEGRALS

The complete Fresnel integrals are

o0 1 /=«
2.1 int?dt ==,/=
(2.1) /0 st 2\/;

and
(2.2) /OO cost? dt = Lz

) 2\ 2
The change of variables t = \/az, with a > 0 yield

< 9 1 /m
(2.3) /0 sin(az®) de = 5\/;
and
(2.4) /OO cos(az?) dx = 1\/E
0 2V 2a
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These appear as 3.691.1 in [1].

A proof using complex integration is presented in Section 3.

3. A COMPLEX PROOF

The evaluation of the complete Fresnel integral can be obtained from

oo 1 ,
(3.1) /0 e g = 5\/§e”/4.

This appears as 3.322.3 in [1].

03.322.3

Consider the contour v consisting of the real axis from 0 to R, going around the
circle centered at 0 and radius R and then coming back to theorigin along the ray
of angle m/4. Then integrating the function

(32) flz) = e

along v, we have:
R s /4 ) ‘ R y ‘

0= / e dot / exp (—iA(Re™)*iRe'i) df— / exp (—intZe™ ¥ ) e/
0 0 0

Now let R — oo and observe that

R R
(3.3) / o—ire? gy — efm‘/4/ VAl TN N e
0 2v/\

0

Now use

(3.4) e/t = ?(1 — 1),

and the fact that the integral over the arc tends to 0 as R — oo, to obtain the result.

Now consider the real and imaginary parts of the previous evaluation to obtain

Ver

(3.5) /O " cos(a?) dx = /O  sin(a?) dr — N

The change of variables ¢ = v Az produces

(3.6) /OOO cos(t?) dt = /OOO sin(12) dt — %

In terms of the functions C' and S, introduced in (1.2) and (1.1), the complete
Fresnel integrals state that

(3.7) C(00) = S(00) =
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4. SOME ELEMENTARY CHANGES OF VARIABLES

The change of variables ¢ = 22 in (2.3) yields 3.757.1: ©3.757.1

“sin(at) /7w
o -, [E

¢3.757.2  The same change of variables converts (2.4) into 3.757.2:

*cos(at) . [m
(4.2) 7 5a"
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