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VICTOR H. MOLL

ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the Hurwitz zeta function. Some examples are dis-
cussed.

1. INTRODUCTION

The Hurwitz zeta function is defined by

= 1
(1.1) C(S’Q)_;W

The series converges for Res > 1.

2. A FIRST INTEGRAL REPRESENTATION

The integral representation

1 o0 ps—le—ax
2.1 = d
(21) o) =577 | o=
follows directly by expanding the integrand as
5 1 e d%
L - —lo—(a+k)z
(22) — —Zw ’

Therefore

(23) /OO x5 1 _qrdx Z/ s—1 —q+k)rdx
' o l—e* B

The change of variables t = (¢ + k)x and the integral representation of the gamma
function

(2.4) I'(s) = /000 ts et dt

produce the result.
©3.411.8 The table [1] contains as 3.411.8 the evaluation
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oo xs—l e 9% > k 1
2.5 -—
(2:5) /0 1+e® ; (g + k
that we prefer to write as

® gsTlem 9 dy 0 (—1)k
2.6 — =1TI(s ,
20 [ T e X

To confirm this, we expand the integrand as a geometric series

sl—qz

_ ksl—q+k)r
T - Z

The change of variables u = (¢ + k)a: produces

P pslemmdr SN (=1)F [
2.7 / = / wle " du.
(2.7) o 1+e= kgo (g+ k) Jo

The integral is T'(s) and we obtain the result.

Separating the terms according to the parity of k we get

= (qg+k)° —la+2) —la+2j+1)°
— 9= Z -
JOJ+Q/2 = U+ CI+1/2)
We conclude that
o ps—le—az gy s
28) | a2~ s a1/
0 +e

We summarize this discussion in a theorem.

Theorem 2.1. Assume the stated integrals converge. Then

oo .s—1 qz
(2.9) | ==t

In particular, if ¢ € N, we have

o s—1 e~ 9% do g—1
(2.10) /O %:F(s) <<(s)_2%>.
k=1

Also

00 5 1 e~ 9% dy
(2.11) /0 T 1o = 27°I(s) (C(Sa %) - (s, %))
(2.12) = r(s)i (=" :
k=0 (k+q)°

In particular, if ¢ € N, we have

o ps—le—az gy
(2.13) /0 T@_Id = (—1)m(s) (-28(28 —2)¢(s) +
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Proof. The only part that needs to be verified is the statement when ¢ € N. In
that case

) _1k 00 _1k
Sarg - (UL

The statement now follows from

o 1k
(2.14) > EE =)

k=1

that comes from splitting the series according to the parity of k. O

We will now provide several special cases of the formulas described above that
appear in [1]. Starting with the the change of variables x = tb in (2.9) that yields
3.411.7:

(2.15) /000 m drx =T(s)b™°C (S, %) .

1 —e b

Special cases: we now describe several special cases of Theorem 2.1 that appear
in [1].

e The evaluation (2.12) gives 3.411.8:

/OO x”_le_q: dx _ /°° a:"_le_(q‘tlw)r dx —(n—1)! i (—l)k_:,

0 l+e 0 l1+e — (k+q)

We have replaced the parameter p in the table for ¢ to be consistent with the
notation in Theorem 2.1.

e The identity (2.13) with ¢ = 2 and s = 2 yields the evaluation of 3.411.10:

* re~2® dg 72
2.1 _—=1—-—.
(2.16) /0 e 12

e The values ¢ = 3 and s = 2 in (2.13) give the value of 3.411.11:

®ge 3dr w2 3
2.1 AN
(2.17) /0 lte= 12 4

e The choice ¢ =2n+ 1 and s = 2 in (2.13) give 3.411.12 in the form
/oo re 2nT dr B /oo xef(2n+1)w dx 2 2n (_1)]@71
0 0

—z 99 T2
1+e 12 — k

2.18 =
(2.18) T+

Similarly, ¢ = 2n and s = 2 give 3.411.13:

00 xe—(2n—1)z dr 00 e—2nT o w2 2n—1 (_1)k—1
J -, |

2.19 =t A
( ) 1+ e* 14+e = 12 + k2

k=1

e The choice ¢ = n and s = 3 in (2.13) produces 3.411.15:
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r?e " dg 3 = (—1)k
2.20 = (=" =¢(3) +2 .
(220) | = <2<<>+ >
Similarly, ¢ = n and s =4 in (2.13) gives 3.411.18: ©3.411.18
® z3e " dy — 1
2.21 = (=1 6
( ) /0 1+e® (=1) 120+ ; k4
e The evaluation of 3.411.26:
L (1—-e®) 272
2.22 te————doe = —
(2.22) /0 T T e T g7
requires a new trick. The integral is written as ©3.411.26
* xe Tdx ® re=2 dy
2.2 I = e B et
(223) /0 1+e3 /0 1+e32’
and the change of variables ¢t = 3z and (2.12) produces
< (1—e®) = >
2.24 e~ dr =
(2.24) /0 T T e T Z(3k+1 kzozamz
To simplify these series observe that
i (—1)F i i 1)3k+1 i 1)3k+2
= —|— +
2 2
P k — 0 3/€+1 0 3k+2
We conclude that
o~ (-1)* o~ (-1)* 8 x~ (=1)*
(225) 2 Bk+1)2 Z=«(3Bk+2)2 9 > g
k=0 k=0 k=1
The result follows from
= (D a?
2.2 =——.
220 Sz

x

Integrals with the factor 1 — e~ in the denominator are computed using (2.9)

and (2.10).
e The evaluation of 3.411.9:
0 et —1 0 1—e® 6
comes from (2.10) with ¢ =2 and s = 2. ©3.411.9

e The value of 3.411.14:
® z2e " dy 1
2.28 —_ =2 3) — —
(228) | === @- ).
comes from (2.10) with ¢ =n and s = 3. 03.411.14

e Similarly, (2.10) with the parameters ¢ = n and s = 4 gives ©3.411.17
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® e ™ dy w2 —~ 1
2.29 ——— =— -6 —.
(2:29) [ e SO

e The evaluation of 3.411.21:

(2.30) / 1 1-e™
0

1—e®

mx

comes from (2.10) when it is writtes as

I = —/mx
0

n—le=2 dg

l1—e"

There is a sign missing in this entry in [1].

e The evaluation of 3.411.25:

gz
_|_
0

= —T(n)¢(n) +T(n) (C(n) -

n

dx:—(n—l)!i !

1

k=1

n—1_,—

kn’

e (m+1)z dr

l1—e*

o0 1 —T
(2.31) / P Y
0 r—-1

comes from (2.10) when written as

oo 1 —xT
/ x re dr =
0 et —1

* ze ®
0o l1—e™®

PR)¢(2) +T@)(CER) - 1) = 5 ~ 1

3. A LOGARITHMIC INTEGRAL

[e’e} —2x
xe
dx — /
0

l1—e®

2

We now present a version of Theorem 2.1 written in a logarithmic scale.

Theorem 3.1. Assume the stated integrals converge. Then

1 49g—-1 nt)s—1
(3.1) /O%dt:(—n“r(s)g(s,q).
In particular, if ¢ € N, we have
1 4q—-1 n s—1 q—1

(32) Aiig%ﬁ=&ww@e@lﬂ
Also

1 491 nt)s—1 L
By [ R = G0 (G ) - e )

_ s—1 - (_1)k

(3.4) = (-1)*'(s) Y

In particular, if ¢ € N, we have

14t

1 49-1 nt)s—1
(3.5) /O M7 )" dtpyars-ipg) <—2S(25—2)C(s)+

Proof. Let t = e~" in Theorem 2.1.
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We now present the evaluations in [1] that are consecuences of Theorem 3.1.

The integrals with denominator 1 — ¢ are presented first:

e The case s = 2 gives 4.251.4:

1 q-1
97" Int
(3.6) / 4 %= —((2,9)
0
e The case s = 2 and ¢ = 2n yields
1 42n—1 2 2n-1
t Intdt 1
(3:7) / ¥ " Tt
0 N k=1
In particular, n = 1 yields
1 2
tIntdt s
3.8 =1-—.
(38) /0 1—t 6
This appears as 4.231.3. This value and the elementary integral
1 2
Inxdx s
3.9 -
(3:9) /0 1—2z 6
that appears as 4.231.2 give the value of 4.231.4:
1 2
1+ m
3.10 Inxdr=1-——.
(3.10) /0 T, nedz 3

e The choice s =3 and ¢ =n + 1 in (3.2) produces 4.261.12:
1 4n 2 n
t (Int)? dt 1
3.11 —_— =2 3) — — .
(311) | == <<( -3 k)

e The change of variables ¢t = 22 in entry 4.261.13 yields

1 ,.2n 1,2 1 n—1/2 1,2

" In“x 1 t In“¢
3.12 ——dx = - —dt.
(3.12) /0 1_z2 & 8/0 11

This corresponds to the choice s =3 and ¢ =n + 1/2 in (3.2):

1 n—1/2 2 0
/ t (nt)*dt 22 1
o 1—t (n+1/2+k)3

k=0
= 1
= 16 S T
kZ:o (2n 4+ 1+ 2k)3
o = (2k + 1)3°
Therefore
1 _92n 1.2 00
" In“ x 1
——dz =2 —_—
/0 1-22 ;(2“1)3

e The choice s =4 and ¢ = n + 1 in (3.2) produces 4.262.5:

04.251.4

©4.231.3

04.231.4

©4.261.12

©4.261.13

04.262.5
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04.261.11
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1.4n 3
t"(Int)*dt =
3.13 — = ——+46
(3.13) /O Tt Z e
e The choice ¢ =1 and s = 4 give 4.262.2:
1 3 4
|
(314) [t
o 11—t 15

using the value ((4) = 7*/90.
We now present the integrals with denominator 1 + ¢:
e The case ¢ = 2n and s = 2 in (3.5) yields
1 2n—1 2 k
2 lnt o7 (—1)
3.15 —dt=— — .
(3.15) /0 1+t TP IR

This appears as 4.251.6.

e The case ¢ =2n+ 1 and s = 2 in (3.5) yields

1 ,2n 2 k
t**Int 7 (-1)
(3.16) /0 1+t dt = 12 Z_ k2 -

This appears as 4.251.5.

e The case ¢ =n + 1 and s = 3 gives from (3.5) the evaluation of 4.261.11:

1.n 2 n k
t" (Int) 3 (-1)
3.17 ————dt=(-1)"| =¢(3) +2 .
(317) | S <2<(>+ >
This answer is equivalent to the one given in [1]:
" (lnt = (—1)ntk
3.18 =2
(3.18) /0 1+t kz: k + 1)3
e The case ¢ = 1 and s = 4 yields
1 3 4
Int)°dt 7
(3.19) / (nt)°dt _ _m
o L1+t 120

This appears as 4.262.1 in [1].

4. INTEGRALS OVER THE WHOLE LINE
The result of Theorem 2.1 provides the evaluation of 3.411.16:
/°° e aw d 73 (2 — sin® 7a)

(4.1)

o l+e @ sin® ra

To check this, we write I = I; + I, where

0o x2efaw
4.2 I = d
(4.2) ! /0 1+e® v
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and, after the change of variables = — —z,

o x2eaw
. I = d
(4.3) 2 /0 1+ e* v

The value of I7 is given by

4.4 =2
(4.4) Z (k + a)d’

k:O
and writing

oo er(a—l)z
4.5 I, = —d
(4.5) 2 /0 1+e® ‘
we obtain
4. =2
(4.6) Z (k —|— 1 —a)d

k:O
We conclude that
0 p2p—ax > (_1)k
4.7 ——dr =2 — .
4.7 /_m1+e*w ) k:z_:oo(kmﬁ
To prove the stated result, start with the classical
o (—1)F ™

(4.8) > = —

= k+a  sin(ra) ’

and differentiate twice with respect to the parameter a.
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