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VICTOR H. MOLL

ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the hypergeometric function. Some examples are dis-

cussed.

1. INTRODUCTION

The hypergeometric function is defined by
(11) qu(a/17a2,~.-’ap;b17b27..-’bq;x) ':ZMQ:_
k=0 :

Proposition 1.1. The hypergeometric function o F} is given by

1 1
(1.2) oF (a, b; ¢; x) = m/o tb_l(l _ t)c—b—l(l —ta) " dt.
Here
1
(13) Bab)= [ i1t
0

is the beta function.

Proof. Start

O

This representation appears as 3.197.3 in [1]. Naturally here we will use it in the

form
1
(1.4) / (1 — 1) (1 — ta) "% dt = B(b,c — b) o F} (a, b; ¢; x)
0
the integral being the object of primary interest.

The special case a = ¢ = 1 appears as 3.197.10:

1 b—1

T dt T
1.5 = 14 2)7°.
(15) /0 o0+t sy TP
The evaluation is direct. Simply observe that
(1.6) oF1 (1,05 1; —x) = (14 2)7".
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2 VICTOR H. MOLL
Introduce now the index r by r = @ — b and take ¢ = b + r. Then we have
1
.7 / A =) (1 — )P dt = B(b,r) o Fy (b+ 7, b b+ 75 )
0

The series representation shows that
(1.8) oF (a, b; b, 2) = (1 —x)™ %,

so the previous evaluation reduces to

(1.9) /01 P = (1 — )P dt = B(b,r) (1 — 2)t".

This appears as 3.197.4 in [1].

2. SOME EXAMPLES

The hypergeometric function appears in the evaluation of integrals of the form
b
(2.1) I= / Ly(2)" ' Ly(x)" ' Ly(x) 1 da

where L; are linear functions and Lq(a) = L2(b) = 0. For example, 3.198:

(2.2) /01 (1= 2) az 4+ b(1—2) + ] de = (a+¢) P (b+¢) VB, v)

is reduced to the normal form (1.2) by writing
1

(2.3) . (b+c)’””’/ L — )71 (1 = )= g
0
with r = (b—a)/(b+ c¢). Then (1.2) gives
b—
(2.4) I'=(b+c) " "B(p,v)2Fy (/“r% ;v b+i)'

To produce the stated answer, simply observe the special value of the hypergeo-
metric function

(2.5) oFi(a, b; a;2) = (1 —2)7°.
Similarly, the evaluation of 3.199:

b
(2.6) / (r—a)" "t (b—x)" " Hz—c) " dx = (b—a)* T (b—c) T (a—c) "V B(u, v),

is reduced to the interval [0,1] by ¢t = (x — a)/(b — a) and then the result follows
from 3.198.

The specific form of the answer is sometimes simplified due to a special relation
of the parameters p, v and A in (2.1). For example, in the evaluation of 3.197.11:

! aP~ 12 dy _ 2 1 B 2P sin((2p — 1)¢)
(2.7) /0 o (e — ﬁf (p+3)T(1—p) cos™(p) Gp— sin(p)’
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with ¢ = arctan(,/g). The standard reduction of the integral to hypergeometric
form is easy. Write

(2.8) I=aP" V21 —2)" (1 + qz) P da
and use (1.2) to obtain
(2.9) I=B(p+31-p)2F (p,p+ 3 2 —q).

To reduce the answer to the stated form, we employ 9.121.19:
n+2 n+1 3 2 sinnz cos" ! 2
—_— = n“z|l=——————-—.

n sin z

The evaluation of 3.197.12:

(2.10)
/1 e’ VPde T+ D1 —p) [1— @)% — (1+2/9)" 2]
o (L—2)P(1—qx)P VT (2r—1) 4 '
is done in similar form. The reduction to
(2.11) I=B{p+31-p2k(p,p+3: 559

is direct from (1.2). The stated form now follows from 9.121.4:

(t+2)"—(t—2)"
2nztn—1 '

2

n—1 n . 3.z _
2F1 (_Ta_E +17 2 t_2) -

3. A FIRST SCALING

The change of variables y = tu produces
(3.1) / N u—y) T N — zy) " dy = u¢" O B(b, ¢ — b)2Fy (a, by ¢;x) .
0
The special case ¢ = b+ 1 produces

“ 1
(3.2) / yb_l(u —xy) “dy = Eub_agFl (a, b; b+ 1;2),
0

where we have used B(b,1) = 1/b. In order to eliminate the factor u=%, we choose
x = —ur to obtain

v 1
(3.3) / VY1 +ry) 0 dy = EubgFl (a, b; b+ 1;—ru),
0
This appears as 3.194.1 in [1]. The special case a = 1, stating that
w ) b—1
yody 1
3.4 = —ulyFy (1, b; b+ 1; —
( ) A 1+ry bUQ 1(77 +7 TU’)?

appears as 3.194.5 in [1].

We now write (3.3) as an integral over an infinite half-line. Start with the change
of variables w = 1/y

[e’e) b,.a
3.5 w1 4+ w/r) " dw = ur oFi (a, b; b+ 1; —ru),
b
1/u
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Now replace u by 1/u and r by 1/r to produce

1 1
a—b—1 —a _ . -
(3.6) /u w I+ rw) %dw = bubrazFl (a, b; b+ 1; ru) .

Now let b = a — s to obtain

1

: T T dw = ———————
(3 7) A w ( + ’f’U}) w (CL _ S)ua—sra

1
o Fy (a,a—s; a—s—l—l;——).
U
This appears as 3.194.2 in [1].

4. INTEGRALS OVER A HALF-LINE

The change of variable y = 1/t converts (1.2) into 3.197.6:
(4.1) / Yy oy — 1) Yoy —1)"%dy = o ?B(b, ¢ — b) o F} (a, b; ¢;1/a)
1
where we have labelled o = 1/x.

The change of variables y = t/(1 — t) converts (1.2) into 3.197.5:

(4.2) / Y 14 y) (L + ay) " dy = B(b,c—b) 2 Fy (a, b ¢;1 — )
0

where we have labelled a« = 1 — z. If we now replace e by 1la we obtain
(4.3) / T 14+ 9) (g 4+ o) %dy = a®B(b,c — b)oFy (a, b; ¢; 1 —1/a).
0

Now use the identity
(4.4) oF (a,b;¢51—1/a)=(1—a)%F (a, c—b; ¢; )
to produce 3.197.9:

(4.5) / Y 4+ y) Y+ @) “dy = a"B(b,c — b)2Fy (a, c — by ¢; 1 —a).
0

The change of variables y = tu converts (1.2), with —x instead of z, into 3.197.8:

(4.6) / Y w—y) T Y+ @) dy = a”u ' B(b,c — b) o F (a, b; ¢; —u/a)
0
where we have labelled o = u/x.
The change of variables y = st/(1 — t) converts (1.2) into

r

(4.7) / Y Ny +8) (Y ) dy =1 s B(b,c — b)2 Fy (m by 1— f) :
0
where » = s/(1 — z). This is 3.197.1 in [1]. The special case a = ¢ — 1 produces

3.227.1:

o ,b—1 1—c
(4.8) / U U D =PI (b, ¢ — b)o Fy (c b 1— f) ,
0 Yy+s r
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We now shift the lower limit of integration via x = y + u to produce

/ (z—u)b"H(z—uts)? ¢ (z—utr) " de = r~uTP "¢ B(b, c—b)o (a, b;c; 1 — f) ,
u r

Now choose s = u and introduce the parameter v by v = r — u to get

/ 2%z —u)" Nz +v) " %de = (v+u) U TPTCB(b, ¢ — b)o <a, b; ¢ i > .
u v4u

Introduce new parameters via a = —p, keeping b and ¢ = g — p. Then we obtain

/ ez —uw) Nz 4+ v)Pde = (v4u)Pub IB(b,c—b—p)Fy <—p, b; ¢ — p; H%)

= pb—(IB — - F —P; - 3 Y
(v+u)Pu (b,c—b—p)2 1<b, Pi q p’v—i—u)

where we have used the symmetry of the hypergeometric function in its two vari-
ables.

This evaluation can be written in a different form, using 9.131.1:
(4.9) oFi(a, b5 2)=(01—2)3Fi(a,c—b;¢; 2/(z—1)).

We obtain

[ o0 o) do = (00" Pl 1B, g p B (b g g i ).

This is the form that is found in 3.197.2.

5. A SECOND EXAMPLE
The table [1] contains the formula 3.196.1:
Vot

“

2F1 |:17_V71+/1'7_%:| .

We believe that it is a bad idea to have w and p in the same formula, so we write
this as

(5.1) /Ou(x—l—ﬁ)”(u—x)”l dzx = b

g o

(5.2) /Ov(a: +B)Y (v —a) tdr = 3

2F1 |:15_V51+,u5_2:| .

To prove this, we let x = vt to get

1

) /ov(x +8) (v - @) do = B0 /0 (1+0t/B) (1 )" dt.

Using the integral representation (1.2) we obtain the result.
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6. AN EXPONENTIAL SCALE

The change of variables t = ¢~" in (1.2) produces

1 o0
(6.1) oF (a, b; ¢; x) = m/{) e (1 —e e (1 —ze ) dr.

We now relabel the parameters by a = p, b = u, ¢ = v+pu, x = 3 to produce 3.312.3:
03.312.3

(6.2) /O (1—e ™) N1 = Be™®)Pe " dx = B(u,v)2F1 (p, p; pu+ v; B).

7. A MORE CHALLENGING EXAMPLE

The evaluation of 3.197.7

@0 [T e ek e = VR Ve
©3.197.7

requires some more properties of the hypergeometric function.

The scaling x = rt produces

(7.2) I= s*“\/F/ Y2 4 )R 4 rt)s)M dt
0
and using 3.197.5 we have
(7.3) I=s""VrB (u+ 35,0~ 3) 2F1 (npn+ 5,20 2)
where z =1 — r/s. To simplify this expression we employ the relation
(1—2)"*T(I'(B—a) 1
oFi (o, Bivi2) = oFi(a,y = Bia—B+1;——)+
( ) T3 T —a) (a )
(1-2) TN (e — B) 1
+ Fﬁv —Oé;ﬂ—Oé—Fl;—,
ORI R T

to produce

1 —z)7HD r 11
(1—2)~r=120(2u)(~1/2) 15 1
SV IR (“"” 23 ) '

The binomial theorem shows that
n n—11 22 1
7.4 I3 - - ~.Z.Z t n t— )"
( ) 2 1( 27 ) 727t2> 2tn(( +Z) ( Z) )7
that appears as 9.121.2, so that

1 1
2Py (o= b b 1 ) = g (L VIZ 92 4 (1 VT2

Similarly, 9.121.4 states that

n—1 n-23 2 1
7.5 |- - — =——((t T (t—2)"
05 af (U T G B ) = g (= -2,

+
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to produce

_ 1.3, 1 — 1 — o)1= )2
2F1<“’“ 2’2’1—z) 2(1—2#)(1—z)*ﬂ((1+\/1—) (14 VI=2)7).

Replacing these values in (7.3) produces the result.
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