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Abstract. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the hypergeometric function. Some examples are dis-
cussed.

1. Introduction

The hypergeometric function is defined by

(1.1) pFq (a1, a2, · · · , ap; b1, b2, · · · , bq; x) :=
∞
∑

k=0

(a1)k · · · (ap)k

(b1)k · · · (bq)k

xk

k!

Proposition 1.1. The hypergeometric function 2F1 is given by

(1.2) 2F1 (a, b; c; x) =
1

B(b, c − b)

∫ 1

0

tb−1(1 − t)c−b−1(1 − tx)−a dt.

Here

(1.3) B(a, b) =

∫ 1

0

ta−1(1 − t)b−1 dt

is the beta function.

Proof. Start �

• 3.197.3

This representation appears as 3.197.3 in [1]. Naturally here we will use it in the
form

(1.4)

∫ 1

0

tb−1(1 − t)c−b−1(1 − tx)−a dt = B(b, c − b) 2F1 (a, b; c; x)

the integral being the object of primary interest.

The special case a = c = 1 appears as 3.197.10:

(1.5)

∫ 1

0

tb−1 dt

(1 − t)b (1 + tx)
=

π

sin(πb)
(1 + x)−b.

• 3.197.10

The evaluation is direct. Simply observe that

(1.6) 2F1(1, b; 1; −x) = (1 + x)−b.
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Introduce now the index r by r = a − b and take c = b + r. Then we have

(1.7)

∫ 1

0

tb−1(1 − t)r−1(1 − tx)−b−r dt = B(b, r) 2F1 (b + r, b; b + r; x)

The series representation shows that

(1.8) 2F1 (a, b; b; x) = (1 − x)−a,

so the previous evaluation reduces to

(1.9)

∫ 1

0

tb−1(1 − t)r−1(1 − tx)−b−r dt = B(b, r) (1 − x)−b−r .

• 3.197.4

This appears as 3.197.4 in [1].

2. Some examples

The hypergeometric function appears in the evaluation of integrals of the form

(2.1) I =

∫ b

a

L1(x)µ−1L2(x)ν−1L3(x)λ−1 dx

where Lj are linear functions and L1(a) = L2(b) = 0. For example, 3.198:
• 3.198

(2.2)

∫ 1

0

xµ−1(1−x)ν−1 [ax + b(1 − x) + c]
−(µ+ν)

dx = (a+ c)−µ(b+ c)−νB(µ, ν)

is reduced to the normal form (1.2) by writing

(2.3) I = (b + c)−µ−ν

∫ 1

0

tµ−1(1 − t)ν−1(1 − rt)−(µ+ν) dt

with r = (b − a)/(b + c). Then (1.2) gives

(2.4) I = (b + c)−µ−νB(µ, ν)2F1

(

µ + ν, µ; µ + ν;
b − a

b + c

)

.

To produce the stated answer, simply observe the special value of the hypergeo-
metric function

(2.5) 2F1(a, b; a; z) = (1 − z)−b.

Similarly, the evaluation of 3.199:

(2.6)

∫ b

a

(x−a)µ−1(b−x)ν−1(x−c)−µ−ν dx = (b−a)µ+ν−1(b−c)−µ(a−c)−νB(µ, ν),

• 3.199

is reduced to the interval [0, 1] by t = (x − a)/(b − a) and then the result follows
from 3.198.

The specific form of the answer is sometimes simplified due to a special relation
of the parameters µ, ν and λ in (2.1). For example, in the evaluation of 3.197.11:

(2.7)

∫ 1

0

xp−1/2 dx

(1 − x)p (1 + qx)p
=

2
√

π
Γ

(

p + 1
2

)

Γ(1 − p) cos2p(ϕ)
sin((2p − 1)ϕ)

(2p − 1) sin(ϕ)
,

• 3.197.11
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with ϕ = arctan(
√

q). The standard reduction of the integral to hypergeometric
form is easy. Write

(2.8) I = xp−1/2(1 − x)−1(1 + qx)−p dx

and use (1.2) to obtain

(2.9) I = B(p + 1
2 , 1 − p) 2F1

(

p, p + 1
2 ; 3

2 ; −q
)

.

To reduce the answer to the stated form, we employ 9.121.19:

2F1

(

n + 2

2
,

n + 1

2
;

3

2
; − tan2 z

)

=
sin nz cosn+1 z

n sin z
.

The evaluation of 3.197.12:
(2.10)

∫ 1

0

xp−1/2 dx

(1 − x)p (1 − qx)p
=

Γ(p + 1
2 )Γ(1 − p)
√

π

[

(1 −
√

q)1−2p
− (1 + 2

√
q)1−2q

]

(2p − 1)
√

q
.

• 3.197.12

is done in similar form. The reduction to

(2.11) I = B(p + 1
2 , 1 − p)2F1

(

p, p + 1
2 ; 3

2 ; q
)

is direct from (1.2). The stated form now follows from 9.121.4:

2F1

(

−
n−1

2 ,−n
2 + 1; 3

2 ; z2

t2

)

=
(t + z)n

− (t − z)n

2nztn−1
.

3. A first scaling

The change of variables y = tu produces

(3.1)

∫ u

0

yb−1(u − y)c−b−1(u − xy)−a dy = uc−a−1B(b, c − b)2F1 (a, b; c; x) .

The special case c = b + 1 produces

(3.2)

∫ u

0

yb−1(u − xy)−a dy =
1

b
ub−a

2F1 (a, b; b + 1; x) ,

where we have used B(b, 1) = 1/b. In order to eliminate the factor u−a, we choose
x = −ur to obtain

(3.3)

∫ u

0

yb−1(1 + ry)−a dy =
1

b
ub

2F1 (a, b; b + 1;−ru) ,

This appears as 3.194.1 in [1]. The special case a = 1, stating that• 3.194.1

(3.4)

∫ u

0

yb−1 dy

1 + ry
=

1

b
ub

2F1 (1, b; b + 1;−ru) ,

• 3.194.5

appears as 3.194.5 in [1].

We now write (3.3) as an integral over an infinite half-line. Start with the change
of variables w = 1/y

(3.5)

∫

∞

1/u

wa−b−1(1 + w/r)−a dw =
ubra

b
2F1 (a, b; b + 1;−ru) ,



4 VICTOR H. MOLL

Now replace u by 1/u and r by 1/r to produce

(3.6)

∫

∞

u

wa−b−1(1 + rw)−a dw =
1

bubra 2F1

(

a, b; b + 1;−
1

ru

)

.

Now let b = a − s to obtain

(3.7)

∫

∞

u

ws−1(1 + rw)−a dw =
1

(a − s)ua−sra 2F1

(

a, a − s; a − s + 1;−
1

ru

)

.

This appears as 3.194.2 in [1]. • 3.194.2

4. Integrals over a half-line

The change of variable y = 1/t converts (1.2) into 3.197.6:

(4.1)

∫

∞

1

ya−c(y − 1)c−b−1(αy − 1)−a dy = α−aB(b, c − b) 2F1 (a, b; c; 1/α)

• 3.197.6

where we have labelled α = 1/x.

The change of variables y = t/(1 − t) converts (1.2) into 3.197.5:

(4.2)

∫

∞

0

yb−1(1 + y)a−c(1 + αy)−a dy = B(b, c − b) 2F1 (a, b; c; 1 − α)

• 3.197.5

where we have labelled α = 1 − x. If we now replace α by 1α we obtain

(4.3)

∫

∞

0

yb−1(1 + y)a−c(y + α)−a dy = αaB(b, c − b)2F1 (a, b; c; 1 − 1/α) .

Now use the identity

(4.4) 2F1 (a, b; c; 1 − 1/α) = (1 − α)a
2F1 (a, c − b; c; α)

to produce 3.197.9:

(4.5)

∫

∞

0

yb−1(1 + y)a−c(y + α)−a dy = αaB(b, c − b)2F1 (a, c − b; c; 1 − α) .

• 3.197.9

The change of variables y = tu converts (1.2), with −x instead of x, into 3.197.8:

(4.6)

∫ u

0

yb−1(u − y)c−b−1(y + α)−a dy = α−auc−1B(b, c − b) 2F1 (a, b; c;−u/α)

• 3.197.8

where we have labelled α = u/x.

The change of variables y = st/(1 − t) converts (1.2) into

(4.7)

∫

∞

0

yb−1(y + s)a−c(y + r)−a dy = r−asa+b−cB(b, c− b)2F1

(

a, b; c; 1 −
s

r

)

,

• 3.197.1

where r = s/(1 − x). This is 3.197.1 in [1]. The special case a = c − 1 produces
3.227.1:

(4.8)

∫

∞

0

yb−1(y + r)1−c

y + s
dy = r1−csb−1B(b, c − b)2F1

(

c − 1, b; c; 1 −
s

r

)

,

• 3.227.1
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We now shift the lower limit of integration via x = y + u to produce

∫

∞

u

(x−u)b−1(x−u+s)a−c(x−u+r)−a dx = r−aua+b−cB(b, c−b)2F1

(

a, b; c; 1 −
s

r

)

,

Now choose s = u and introduce the parameter v by v = r − u to get

∫

∞

u

xa−c(x−u)b−1(x+ v)−a dx = (v +u)−aua+b−cB(b, c− b)2F1

(

a, b; c;
v

v + u

)

.

Introduce new parameters via a = −p, keeping b and c = q − p. Then we obtain

∫

∞

u

x−q(x − u)b−1(x + v)p dx = (v + u)pub−qB(b, c − b − p)2F1

(

−p, b; q − p;
v

v + u

)

= (v + u)pub−qB(b, c − b − p)2F1

(

b, −p; q − p;
v

v + u

)

where we have used the symmetry of the hypergeometric function in its two vari-
ables.

This evaluation can be written in a different form, using 9.131.1:

(4.9) 2F1 (a, b; c; z ) = (1 − z)−a
2 F1 (a, c − b; c; z/(z − 1) ) .

We obtain
∫

∞

u

x−q(x−u)b−1(x+v)p dx = (v+u)b+pub−qB(b, q−p−b)2F1

(

b, q; q − p; −
v

u

)

.

• 3.197.2

This is the form that is found in 3.197.2.

5. A second example

The table [1] contains the formula 3.196.1:

(5.1)

∫ u

0

(x + β)ν(u − x)µ−1 dx =
βν uµ

µ
2F1

[

1,−ν, 1 + µ,−
u

β

]

.

We believe that it is a bad idea to have u and µ in the same formula, so we write• 3.196.1

this as

(5.2)

∫ v

0

(x + β)ν(v − x)µ−1 dx =
βν vµ

µ
2F1

[

1,−ν, 1 + µ,−
v

β

]

.

To prove this, we let x = vt to get

(5.3)

∫ v

0

(x + β)ν(v − x)µ−1 dx = βνvµ

∫ 1

0

(1 + vt/β)ν(1 − t)µ−1 dt.

Using the integral representation (1.2) we obtain the result.
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6. An exponential scale

The change of variables t = e−r in (1.2) produces

(6.1) 2F1 (a, b; c; x) =
1

B(b, c − b)

∫

∞

0

e−br(1 − e−r)c−b−1(1 − xe−r)−a dr.

We now relabel the parameters by a = ρ, b = µ, c = ν+µ, x = β to produce 3.312.3:
• 3.312.3

(6.2)

∫

∞

0

(1 − e−x)ν−1(1 − βe−x)−ρe−µx dx = B(µ, ν)2F1 (ρ, µ; µ + ν; β) .

7. A more challenging example

The evaluation of 3.197.7

(7.1)

∫

∞

0

xµ−1/2(x + s)−µ(x + r)−µ dx =
√

π(
√

r +
√

s)1−2µ Γ(µ − 1/2)

Γ(µ)
• 3.197.7

requires some more properties of the hypergeometric function.

The scaling x = rt produces

(7.2) I = s−µ√r

∫

∞

0

tµ−1/2(1 + t)−µ(1 + rt/s)µ dt

and using 3.197.5 we have

(7.3) I = s−µ
√

rB
(

µ + 1
2 , µ −

1
2

)

2F1

(

µ, µ + 1
2 , 2µ; z

)

where z = 1 − r/s. To simplify this expression we employ the relation

2F1(α, β; γ; z) =
(1 − z)−α Γ(γ)Γ(β − α)

Γ(β) Γ(γ − α)
2F1(α, γ − β; α − β + 1;

1

1 − z
) +

+
(1 − z)−β Γ(γ)Γ(α − β)

Γ(β) Γ(γ − β)
2F1(β, γ − α; β − α + 1;

1

1 − z
),

to produce

2F1

(

µ, µ + 1
2 , 2µ; z

)

=
(1 − z)−µΓ(2µ)Γ(1/2)

Γ(µ + 1/2) Γ(µ)
2F1

(

µ, µ −
1
2

1
2 ;

1

1 − z

)

+
(1 − z)−µ−1/2Γ(2µ)Γ(−1/2)

Γ(µ − 1/2) Γ(µ)
2F1

(

µ, µ + 1
2

3
2 ;

1

1 − z

)

.

The binomial theorem shows that

(7.4) 2F1

(

−
n

2
, −

n − 1

2
;

1

2
;

z2

t2

)

=
1

2tn
((t + z)n + (t − z)n) ,

that appears as 9.121.2, so that

2F1

(

µ, µ −
1
2 ; 1

2 ;
1

1 − z

)

=
1

2(1 − z)1/2−µ

(

(1 +
√

1 − z)1−2µ + (−1 +
√

1 − z)1−2µ
)

.

Similarly, 9.121.4 states that

(7.5) 2F1

(

−
n − 1

2
, −

n − 2

2
;

3

2
;

z2

t2

)

=
1

2nztn−1
((t + z)n

− (t − z)n) ,
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to produce

2F1

(

µ, µ −
1
2 ; 3

2 ;
1

1 − z

)

=
1

2(1 − 2µ)(1 − z)−µ

(

(1 +
√

1 − z)1−2µ
− (−1 +

√

1 − z)1−2µ
)

.

Replacing these values in (7.3) produces the result.
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