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VICTOR H. MOLL

ABSTRACT. We present a systematic derivation of some of the definite integrals
in the classical table of Gradshteyn and Rhyzik that can be reduced to the
incomplete beta function.

1. INTRODUCTION

The table of integrals [1] contains some evaluations that can be derived by ele-
mentary means from the incomplete gamma function, defined by

(1.1) ~v(a,z) = / t* et at
0

and a second one by

(1.2) I(a,z) := / totet dt

¢8.350  These definitions appear as 8.350 in [1].
Our goal is to present in a systematic manner, the evaluations appearing in the
classical table of Gradshteyn and Rhyzik [1], that involve these function.
2. SOME ELEMENTARY CHANGES OF VARIABLES

The change of variables t = by produces

z/b
(2.1) / Yy te W dy = b~ % (a, z).
0
e 3.381.1
Now replace = by bx to obtain 3.381.1:
(2.2) / y* e dy = b=%(a, bx).
0
Exactly the same argument produces 3.381.3:
(2.3) / Yy le™% dy = b~ T (a, bx).
e 3.381.3 ’
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The evaluation of 3.382.1:

(2.4) / (u—z)% " de = (=b) " e ®y(a + 1, —bu),
0
and 3.382.4:
(2.5) / (z +u)%e " dr = b~ T (a + 1, bu),
0

are evaluated by making linear changes of variables and reducing it to 3.381.1 or
3.381.3.

The change of variables ¢t = ce™ yields
(2.6) / exp(—ce™ "’ —av)dv = ¢ “y(a, x),
y
where y = In(¢/x). The special case = ¢ produces

(2.7) /000 exp(—ce™? — av) dv = ¢ *y(a, c).

This appear as 3.331.1.

Similarly, the change t = ce? yields
(2.8) /OO exp(—ce’ + av) dv = ¢ T'(a, x),
where y = In(z/c). The Zpecial case ¢ = ¢ produces
(2.9) /000 exp(—ce’ + av) dv = ¢ T'(a, ¢).

This appear as 3.331.2.

3. AN INFINITE SERIES REPRESENTATION

The evaluation 3.381.2:
a+k

t*letdt =
/0 ¢ D (-1 k' K (a+k)

k=0
anrk

- eigEkZ:(Ja(a—Fl)(a—FZ)-u(a—Fk)'

gives a series representation of the incomplete gamma function vy(a,x). To obtain
the first expression simply expand the exponential to get

I = i—(_l)k It“*’“*ldt
— T

k=0

- Zk'a+k

To obtain the second expression for ’y( x), let s =z —t in the integral to produce

(3.1) I=e" (x —5)% te® ds.
0

03.382.1
03.382.4

03.331.1

©3.331.2

©3.381.2
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Now expand the exponentila and let y = xs to obtain

o hte k 1
(3.2) e =e > T [y tay
k=0 /0
Now identify the integral as
k!'(a —1)!
3.3 Bk+1l,a) = ——
(33) (k+1,0) = TS

and the result is established.
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