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Abstract. The table of Gradshteyn and Rhyzik contains many integrals that
can be evaluated using the Lerch zeta function. Some examples are discussed.

1. Introduction

The Lerch zeta function is defined in [1], entry 9.950, by

(1.1) Φ(z, s, v) =
∞∑

n=0

zn

(v + n)s
.

The series converges for |z| < 1.

2. A first integral representation

The table [1] contains as 3.411.6 the representation• 3.411.6

(2.1) Φ(z, s, v) =
1

Γ(s)

∫
∞

0

xs−1 e−xv dx

1 − ze−x
.

To establish this representation, expand the integrand as

(2.2)
xs−1 e−xv

1 − ze−x
= xs−1e−xv

∞∑
n=0

zne−nx,

and then integrate term by term.

The evaluation 3.411.22:

(2.3)

∫
∞

0

xp−1 dx

erx − q
=

Γ(p)

rp
Φ(q, p, 1)

can be established by expanding the integrand. Observe first that r is a fake• 3.411.22

parameter: the change t = rx shows that this evaluation is equivalent to the one
for r = 1:

(2.4)

∫
∞

0

tp−1 dt

et − q
= Γ(p)Φ(q, p, 1).
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Expanding the integrand as

tp−1

et − q
=

tp−1e−t

1 − qe−t
= xp−1e−t

∞∑
j=0

qje−jt,

we obtain ∫
∞

0

xp−1 dx

et − q
=

∞∑
j=0

qj

∫
∞

0

tp−1e−(j+1)t dt

=

∞∑
j=0

qj Γ(p)

(j + 1)p

= Γ(p)Φ(q, p, 1).
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