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VICTOR H. MOLL

ABSTRACT. The table of Gradshteyn and Rhyzik contains many integrals where
the integrand is a power times and algebraic function of the exponential. Some
examples are discussed.

1. INTRODUCTION

The table [1] contains many evaluations of definite integrals of the form

(1.1) I= /000 2" A(e™ ") dx

where A is an algebraic function. These are functions that satisfy a polynomial
equation P(z, A(z)) = 0.

2. A FIRST FAMILY OF EXAMPLES

The first evaluation described here is 3.451.1:

e 4
(2.1) ze V1 —eTdr = §(4—31n2).
0
©3.451.1  This is the case a = 1 of the integral

oo

(2.2) I(a) = xe V1 — e dg.

0

In 3.451.2 we find the evaluation of I(2):

(2.3) ze /1 — e 20 dy = g(l +21n2).
0

e3.451.2  We first provide an answer in terms of an infinite series. For special values of a we
then provide an elementary method to sum the series.
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The binomial theorem shows that

V1—e2 = (%) k 7akw
k=0 &
— io: 7akw
(2k — 1 22’C e
k= 0
Therefore we have
— > —(14ak)z
I(a) = Z oh =1 22’%'2/ xe dx
k= 0
i 1
— )92k 12
= 0 (2k 12 k2 (1 + ak)?
that can be written as
> (2k)!
2.4 I(a)=1-
(24) (a) k; 22K (f + 1)Ik! (b + ak)?’
with b =1+ a.
The first evaluation requires I(1) =1 —S;, where
= (2k)!
2. = .
25) 51 kZ:O 2281 ( + 2)2(k + 1)k!2
To evaluate this um by elementary means we start with
= (2k)! 1
2.6 = =
(26) 10 =3 S =

where the last evaluation comes from the binomial theorem.
Define

( k)! xk+1
(2.7) / F®) :0 K2 k1
An elementary calculation shows that
1
(2.8) g(x) = 5(1 — V1 —4x).
Now define
¥ =L (2K)! k2
2.9 h(z) = t)dt = ,
29) (@) /0 9t k; K2 (k+ D)(k+2)
and also
(2.10) hiz) = = — 1. i(1 — 4x)3/?
' 2 120 12

Finally define

(2.11) w(x)—/0 Tdt—Z k2 (k+1)(k+2)?’
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and comparing this to the series defining S; in (2.5) we obtain

(2.12) S1 = 8w(1/4).
Now observe that
_[Th®) =z 1
(2.13) w(x) —/0 " dt = > + 12J(;1c),
where
(1 —4t)3% -1
(2.14) J(x) :/ ¥dt.
0 t
The change of variables u = /1 — 4t gives
1 2
1
(2.15) Tw =2 [ ud fute g,
Vi—iz 1+u

and the further change of variables v = 1 + u gives

2
(2.16) J(a:)z—Z/ (v? — 20+ 2 — 1/v) do,
where 0 =1+ +/1 — 4z.

This can be evaluated in elementary terms to produce

1
w(z) = 5 (—-4+4vV1—dz+2(9—4vV1 —4z) +3In2 — 3In(1 + V1 — 4z)) .
In particular w(1/4) = & (3In2 — 7/4) and then
4
(2.17) I(l):l—Sl:1—8t(%):§(4—31n2)

as required.

We now use the same techniques to evaluate I(2) = 1 — Sy, where

P (2k)!
(2.18) Sy = kZ:O 2T (k4 1)1 K (2k + 3)2

We begin with

>~ (2k)! 1
2.19 = - ,
(2.19) 0= S = =g
and then evaluate
- = @Rl
2.20 = Hdt = gkl
(2:20) ote) = 10 =3 e
and as before
(2.21) g(z) = 1= Vzl —
The next step is to form
* = 2k)! k3
2.22 h(z) = t*) dt = ( :
(2.22) (z) /0 9(t") Z(k+1)!k!2k+3

k=0
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Now

hz) = l/90(1—\/1—4162)@
0

2
1 T
= 2—5/ V1— 42 dt.
0

Elementary changes of variables yield

(2.23) h(z) = g - %Arcsin@x) - %x\/ 1— 422,
Define

) 0 r2k+3
2.24 = -7
(224) w(z) /0 t kg k+1'k' (2k + 3)2’

so that Sy = 4w(1/2). Now,

= [yt )

2 8 t 4
x 1 1 ¥ Arcsin(2t)
= — ——zv1—42? — —Arcsin(2z) — = ———dt
2 8 16 8 ) ¢
The change of variables ¢ = Arcsin(2t) yields
T Aresin(2t Arcsin(2z)
(2.25) / Arcsin(2t) dt = / @ cot pdp.
0 t 0
We conclude that
1 7 1 (™2 pdy
2.26 Lh_-_T 2 .
(2:26) w(z) 4 12 8 /0 tan ¢
The evaluation
/2 d
(2.27) / 2~ Ie,
0 tan 2 2

is presented in [2]. We conclude that
(2.28) 1(2) = %(14—21112),
as claimed.

3. A LOGARITHMIC SCALE

The integral

(3.1) I(a) = ze "V1—e T dx
0
can be expressed in many different forms. The change of variables t = e~ * yields
(3.2) I(a) = ——2 tl/“ W1 —tIntdt,
a” Jo

so the value

(3-3) (1) =

@I»Jk

(4—3In2)



04.241.10

25-POWER, ALGEBRAIC, EXPONENTIAL

produces

1 4&2
(3.4) / tl/a_lx/l—tlntdt:—?(4—31n2).

0
For instance, a = 3 yields
1

(3.5) / t7231T =t Intdt = —4(4 — 3In2).

0

The further change of variables ¢t = s® produces

1 2
3.6 sb/a=1y/1 — gb Insds = ——I(a).
2
0

b
For example, choosing a = 1 and b = 2 we obtain

1
(3.7) / sV1—s? 1nsds:—i[(1):%(31n2—4).
0

This appears as entry 4.241.10 in [1].

4. A SECOND FAMILY OF EXAMPLES
Several evaluations in [1] belong to the family
® gle I dy

4.1 T, = oz
( ) 5] o \/ez——l
The evaluation starts with the change of variables t = e~* that yields

1 i 4j—1/2
, (Int)* ¢/

4.2 T;; = (1) ——dt
(1.2 e
The power of the logarithm, for i € N, comes from differentiating

1
(4.3) B(j+3,3) = / (L —) "2 at
0
with respect to j. We conclude that
, d\'[T(+1 /2)}

4.4 T, ,=(-1) — —_— .
(44 =l )\/E(dj) [F(J‘f’l)
Using the duplication formula for the gamma function

V7l (2z)

4.5 Tr 1/2) = Y "7/

(15) (@ +1/2) = s
we obtain

- (d\' I'(25)

4. T, =(-1)'r| = , .
o) s= 07 () mre AT
In preparation for the case j = 0 we write this as

C(d\' T(2j+1)

4.7 T,=(-)n|—) —0——"—.
( ) »J ( )7T<d]) 22]]_"2(]+1)
e Entry 3.452.1 states that

> xdr

(4.8) =27mIn2.

0 \/ef—l
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In this case we have i =1 and j =0 so ©3.452.1
d I'(2j)

4.9 Tho=—n|— .

“9) e <dj) 21T (j + 1)I(j)

evaluated at 7 = 0. To avoid the singularity at j = 0 we write

B d\ T(2j+1)
(410) leo— s (dj) 22j FQ(]'—FI)'

Logarithmic differentiation yields

(25 +1)
411 Tio=—megmd T
(4.11) L0 = T (j 1 1)

Replacing j = 0 yields 7% o = 2w In2 as claimed.

(2¢¥(2j+1) —2In2 —2¢(j + 1)).

e Entry 3.452.2 is the evaluation of T3 o:

00 2
(4.12) /0 zzd: = 5 (12% 47%).
The identity (4.7) gives ©3.452.2
d 2
(4.13) Toog=m (@) u(y)
where
(4.14) u(f) = o + 1

= PTG L)
Observe that 4(0) = 1 and logarithmic differentiation yields
(4.15) W(j) = u(f) (2] +1) — 2In2 — 205 +1)).
Thus, «/(0) = —21n2. One more differentiation produces

W) = 20/ () (625 + 1) = B + 1) — In2) + 2u() (20'(2) + 1) — /(G +1)).
Therefore u”(0) = 41n* +2¢(1). The result now follows from the special value

2
(4.16) yay="
e Entry 3.452.3 is the evaluation of 17 1:
CreTdr w 9
4.17 —— =—(2In"-1).
( ) 0 \/61——1 2 ( n )
The identity (4.7) gives ©3.452.3
(4.18) Ty = —mu'(1)

where u(j) is as in (4.14). Observe that u(1) = 1/2 and logarithmic differentiation
gives

(4.19) u'(7) = 2u(j) (25 +1) =In2 — (5 +1)).
We conclude that
(4.20) Ti1 =—m(¥(3) —In2 — ¢(2)).
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Using the special values

n—1
1
(4.21) ) =—7+ -
k=1
we obtain the result.

e Entry 3.452.4 is the evaluation of
© xe Tdx

0 1/e2w_1

The change of variables t = 2z shows that

(4.22) =1-In2.

(4.23) wedr L,

1
o VeE-1 413
The identity (4.7) gives
(4.24) T 1= —7u'(1/2)
and from (4.19) we get
(4.25) W(3) == ($(2) -2 -(3)),
The special value

n

1
(4.26) Yn+i)=—y+2 —— —In2
— 25 —1
j=1
gives
(4.27) Y(3)=—y+2-2n2

and the result follows from here.

e Entry 3.452.5 is the evaluation of

X ge 2®dxr 3w 7
4.2 — = — (In2—-— .
(4.28) o Jer—1 4 <n 12)

This is T 2 and the evaluation follows from the values of ¢(5) and (3) as before.
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