THE ACTION OF HECKE OPERATORS ON
HYPERGEOMETRIC FUNCTIONS

VICTOR H. MOLL, SINAI ROBINS, AND KIRK SOODHALTER

ABSTRACT. We study the action of the Hecke operators U, on the set of hy-
pergeometric functions, as well as on formal power series. We show that the
spectrum of these operators on the set of hypergeometric functions is the set
{n® : n € Nand a € Z}, and that the polylogarithms play a dominant role
in the study of the eigenfunctions of the Hecke operators Uy, on the set of
hypergeometric functions. As a corollary of our results on simultaneous eigen-
functions, we also obtain an apriori unrelated result regarding the behavior of
completely multiplicative hypergeometric coefficients.

1. INTRODUCTION

For each n € N, the space of formal power series
o0
(1.1) § = f(x):chxk e eC
k=0
admits the action of the linear operators
o0
(1.2) (Unf) (z) := Z Cnpa”
k=0
and
o0
(1.3) (Vo f) (2) := f(2™) = chx"k.
k=0
The spectral properties of these operators become more interesting when one con-
siders their action on spaces with additional structure.
Historically, Hecke studied the vector spaces of modular forms of a fixed weight

[2], in which the set § is replaced by the space 9 defined by analytic functions in
the upper half-plane H := {7 : Im 7 > 0}, that satisfy the condition

aT + b k
1.4 =
(1.4 F(E5) =t s,
for every matrix in the modular group
(1.5) F::{(CCL Z):a,b,c,dEZWithad—bc:l}.
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These forms are also required to have an expansion at 7 = ico, or equivalently a
Taylor series about ¢ = 0:

(1.6) fr) =" en)q",

expressed in terms of the parameter ¢ = exp(27it).
Hecke introduced a family of operators T}, for n € N, which map the space Iy,
into itself. The standard definition is

(1.7) (Tuf)(7) “Zd’i)f(’”*bd),

d|n
that in the special case n = p prime, becomes

-1

(18) (T, 1)(r) = oL (pr) + Z (”b).

=0

In terms of the Fourier expansion of f € 9y, given by

(1.9) )= c(m

m=0
the action of T}, is
(1.10) (Tf) (1) = 3 yalm)a™,
m=0
where
(1.11) Yalm)= 3 a7 (ZT)
d|(n,m)

In particular, when n = p is prime, we have

c(pm) +p*te (%) if p|m,

1.12 J(m) =
(112) () {c(pm) if p fm.

History has shown that the study of Hecke operators is one of the most important
tools in modern Number Theory, yielding results about the uniform distributions of
points, the eigenvalues of Laplacians on various domains, the asymptotic analysis
of Fourier coefficients of modular forms, and other branches of Number Theory.

Interesting results were obtained in the last decade when the space of modular
forms was replaced with the space of rational functions (see [9], [5], and [11]). For
example, the spectral properties of the operator U,, acting on rational functions were
completely characterized, and corollaries about completely multiplicative functions
that satisfy linear recurrence sequences were obtained ([9]).

For the space R of rational functions, the coefficients a,, in (1.1) are the Taylor
coefficients of A/B € R, with B(x) = 1+ ayz + -+ + agz? and A a polynomial in
x, of degree less than d. These coefficients a,, are known to satisfy the recurrence
relation

(1.13) Optd = —010ntd—1 — *** — QqQn,
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see [12] for details. Thus the study of these coefficients employs the theory of linear
recurrence sequences and their explicit solutions. One of the main results in [9] is
the complete determination of the spectrum of U,, acting on fR:

(1.14) spec(U,) = {#n* : k € N} U{0}.

Recent work has produced a description of the corresponding rational eigenfunc-
tions, see [11, 4].

In this paper, we consider the action of U,, on the set of hypergeometric functions

(1.15) H:=1 f(z) = Z cpat +1 is a rational function of k % .
k=0 Ck

We emphasize here that ) is a set rather than a vector space, because the sum of
two hypergeometric functions is not in general another hypergeometric function.
Nevertheless, this set includes most of the classical functions as well as all functions
of the form

(1.16) i R(k)z",

k=0

where R is a rational function.
Every hypergeometric function that we consider has a canonical Taylor series
representation of the form

o (@) (a2)r -+~ (ap)i a*
1.17 F,(a,b;z) :=a —,
(1.17) PPt i) = oo 3 (G e
where a := (a1, ag, -+ ,ap) € C? and b := (b, ba, -+ ,by) € C? are the parameters

of ,F,. These parameters satisfy —b; ¢ N. Here a( is any complex constant, and
() :=clc+1)(c+2)---(c+k—1), (c)o := 1 is the ascending factorial symbol.
For example (1), = k!, and (0)x = 0.

Hypergeometric functions include

> k
x
1.18 x) = —_,
(118) J@) =Y s
k=0
as well as most of the elementary functions. For example, the hypergeometric
representation of the exponential function is given by e®* = 1Fi(a,a;x) for any

nonzero a € C. Similarly, the error function

2 [T _p
erf(x) = ﬁ/(; €_t dt,

can also be represented as a hypergeometric function, namely

2z
erf(z) = ﬁlFl(%a %%ﬂ?)-
For a more complete discussion of hypergeometric functions, see [1].
In section 5 we describe the action of the Hecke operator U,, on hypergeometric
functions. To state the results, define
= {2/,F,(a,b;x) :a € CP, b e C},

J .
(pya)
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for fixed j € N, and fixed p,q € N. This is the set of all hypergeometric functions
that vanish to order j at the origin, and have hypergeometric coefficients

(a1)k (a2)k -+ (ap)k

(b1)k (b2)k -+ (bg)k

with p ascending factorials in the numerator and ¢ ascending factorials in the de-
nominator. Observe that

9= {a:ijq(a,b;a:) : for some j, p, ¢ € N, and some parameters a € C?, b € C?}

_ J
- U 3(p,q)'
J,p,q€EN
We establish first the identities

Uy, (27 yFy(a,byx) = 27/ " prke—a-1) (e1)n(ca)ie - (Cnp)i e
(@7 p Fy ) kZ:O (d1)k(d2)k -+ (d(gr1)—1)n k! Slpr.a)

when n divides j and

= k
U, (xijq(a, b; x) — pltli/nl Z nnk(p—q-1) (c1)p -+ (cpn)k z* c 22 .
k=0 (d1)k -+ (digr1yn—1)k k! (p1,q1)

if n does not divide j. Here p; = np, ¢1 = n(q + 1) — 1 and the new parameters
¢, d are given in (5.3) and (5.4) respectively. In particular, we observe in section
5 that U,, maps 3{1@ into itself if and only if p = ¢ + 1. These are the balanced
hypergeometric functions. Therefore, an eigenfunction of U,, must have p = ¢ + 1.

The eigenfunctions of U,, on the space of formal power series are described in
Section 4 . We consider solutions of U, f = Af, for f = 27 Y "7 ja,z" and show
that if n divides j, then it follows that j = 0, A = 1 and the eigenfunction f must
reduce to the rational function ﬁ On the other hand, in the case that n does
not divide j, we show that j must be 1 and the eigenvalue A must be of the form
n?, with a € Z.

One of the main results here is the complete characterization of the spectrum of

U,, on hypergeometric functions, yielding the result that

(1.19) spec(U,) = {n* : k € Z} U {0}.

As a corollary, we obtain a number-theoretic characterization of all completely
multiplicative functions that are also hypergeometric ratios of ascending factorials.

2. A NATURAL INNER PRODUCT ON $)

The set of all hypergeometric functions § can be endowed with a natural inner
product defined by

(2.1) o= fwy

For any fixed R > 0, this inner product defines a function of R, and as we shall see
shortly it is in fact a real analytic function of R. Moreover, we shall also see below
that V,, is the natural conjugate linear operator to U, with respect to this inner
product. This fact is our motivation for introducing the linear operator V,,.

The next result describes this inner product in terms of the Taylor series expan-
sions of f and g.
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Lemma 2.1. If f(z) =Y 7 2™ and g(z) = >~ dy 2™, then

(2.2) (f,9)r = 2mi i Cndn R*™.

n=0

Proof. By definition we have

on = § > e x > Gt
lzI=R ;,—o m=0 w
oo
_ f Z Cndmwn_m_lRQTn,
|z|=R

because W = R?/w on the circle of integration. Cauchy’s integral formula shows
that n = m yielding the result. O

This inner product makes sense even for formal power series, although we restrict
our attention to the set $) of hypergeometric functions. On $), the inner product of
any two hypergeometric functions is in fact a hypergeometric function of R, as is
easily seen by noting that the product of two hypergeometric coefficients is another
hypergeometric coefficient.

To further develop the algebra of the operators U,, and V;,, we now show that
V,, is the natural conjugate linear operator for U, relative to the inner product
introduced above.

Lemma 2.2. Let f,g € $. Then

(23) <Unf7 g>R = <f7 Vng>R”~
Proof. Start with

<Unf7 g>R

) )
> ety ) dizt
k=0 k=0

o0
E Cnk dk RQk .
k=0

R

On the other hand,

(f,Vaglr = <Z ez, Y dkzk”>

k=0 k=0
- Z ckhf_kR2k7
k=0
where we define
b — 0 if n does not divide &

"7 \dpjm  if n divides k.
It follows that
(24) (f,Vag)r = crndi(R")** = (Unf, g)re.

k=0
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Recall that Hadamard introduced an inner product in the space of formal power
series §, by

(2.5) (f*g)(@) = cpdpat
k=0
This product can be retrieved as a special case of (,)g; namely,
2.6 <chxk, 3 dkxk> S iR
k=0 k=0 R1/2 k=0

Thus the Hadamard product is completely equivalent to our inner product.

3. ELEMENTARY PROPERTIES OF THE OPERATORS U,, AND V,,

In this section we describe elementary properties of the operators defined in (1.2)
and (1.3).

Theorem 3.1. Let m, n € N. Then

a) UnOUm:UmOUn:Unmv

b) VnOVm:VmOVn:Vnmv

c)U,oV, =1d,

d) Un o Vin = Visged(min) © Un/ged(m,n)- In particular, if m and n are relatively
prime, then U,, and V,, commute.

Proof. Let f € § be a formal power series with coefficients ¢;. The first two
properties follow directly from

UnUmf(x) = Un Zcmkxk = Z Cnmkxk = nmf(x)a
k=0 k=0

and similarly for V,,V,,. To establish the third property observe that
UnVn (Z Ckxk> = Un <Z Ckxkn>
k=0 k=0

= chxk = f(x).
k=0

UnVa f ()

Finally,

o0 o0
U, oVn g erxr® = U, g ™.
k=0 k=0

To simplify this, let

(3.1) Qe — Ck/m  if m divides k
' "o if m does not divide k,

to write
U, oV, <Z cka:k> =U, <Z dkxk> = Zdnkxk.
k=0 k=0 k=0

Now observe that m divides kn if and only if m/ged(m,n) divides k. Therefore,

with the notation
n m

= M =
ged(m,n) " ged(m,n)’
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we have
oo oo oo
E dppa® = E dimna™ = E cina™
k=0 =0 i=0

Now define h; = ¢;n to obtain

th =Vu <th>=VM <Zciin>:VMoUN <Zcixi>,
i=0 i=0
and we have established part d). O

We present now an alternate proof for theorem 3.1. To do this, we must prove
an intermediate result.

Lemma 3.1. (Associativity of U and V)
For allk,jym €N, Ugj o Vi = Ug o (Uj 0 Vi)

Proof. Let f(z) = >_.°, anz". For this proof, we will evaluate both operators and
show they are the same operation. First, for Ukj o V,n, we have that
(Ukj ° Vm)f( ) Ukjf Ukj Z anz
n>0
Now, let

I if i =mn forn e NU{0}
‘10 otherwise

so that we can write

Ukj Zan Ukj Zb Z Zb(kj)izi

n>0 i>0 i>0
Now, for Uy o (U; o V,,,), we have that
Uk o (Uj o Vi) Zan = Zan Ukzcz
n>0 n>0 >0
with

an ifij = mn for n € NU{0}
C; = .
0  otherwise

Then we have

Uk(z cizi) = Z CriZ

i>0 i>0
We complete the proof by noting that by = cpi- O
Proof. (Theorem 3.1 alternative) We can write U, o Vi, = (U ged(m,n) © Ugcd(m,n)) ©
(Vaed(m,n) © Vin/ ged(m,n)) by parts (a) and (b) of the theorem.
Now, using associativity, we can write
= Un/ged(m,n) © (Ugcd(m,n) © ‘/gcd(m,n)) © Vm/ ged(m,n)

By part (c) of the theorem, we have that Ugcd(m,n) © Vaed(m,n) = I, and we are left
with Uy o Vi, = Uy, ged(m,n) © Vacd(m,n)- Thus, part (d) of the theorem is proven. [
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4. THE ACTION OF U,, ON FORMAL POWER SERIES

We now determine an expression for the action of the operator U, acting on
formal power series where we allow the first few coefficients to vanish. This result
will be employed in our study of spectral properties of U,, acting on hypergeometric
functions. For the rest of this section, all functions are assumed to be formal power
series.

Theorem 4.1. Let j, n € N. Then

pl+Li/n] > (e 1—{jmpa” if n does not divide j

U, xjg apz” =

k>0 zli/n] 3 agna® if n divides j,
where the sums are over k£ > 0.

Proof. First observe that

U, ijakxk = U, Zakxkﬂ

k>0 k>0
= U, Z ak,jxk
k>j
and define
0 0<k<y
(4.1) b = =<y
ar—; k>
to write
(4.2) U, | =7 Z apz® | = U, Z bt | = Z brnz®.
k>0 k>0 k>0

The discussion is divided in two cases according to whether n divides j or not.

Case 1: n does not divide j. Then the restriction kn > j in (4.1) is equivalent to
k> |L|+1. Thus,

n

1] oo
Z bknxk = b;mxk + Z b;mxk
k>0 k=0 k:L%JJrl
[o ]
= Z akn,jxk.
k=|L]+1

Now let i = k — L%J — 1, to obtain

koo 241 , i
(4.3) Z bgn™ = zln) Z Apitn| L] 4n—jsT -
k>0 i>0
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Now use % = L%J + {%} to obtain

(4.4) U, a:jZakxk = a:L?J“Zan(Hlf{%}xi.
k>0 >0

This is the result when n does not divide j.

Case 2: n divides j. Then kn > j is now equivalent to k > % = L%J and

Z bknxk = Z bknifk

k>0 k>1j/n)

= 2 et

k>1j/n]
- gli/nl Z Ui T
i>0
so that
(4.5) U, | z Zakxk = gl Zanua:”.
k>0 v>0

This concludes the proof. ([l

The previous expressions for U,, are now used to derive some elementary prop-
erties of its eigenfunctions on the space of formal power series.

Proposition 4.2. Assume U, has an eigenfunction of the form
(4.6) flx) =27 Z apz®,
k=0

with eigenvalue A. If n divides j, then we conclude that j = 0 and A = 1. If n does
not divide j, then we conclude that 7 = 1.

Proof. Assume n divides j and match the leading order terms of f and U, f. The-
orem 4.1 shows that 7 = z7/" yielding j = 0. Now compare the constnat term
in the eigenvalue equation to get A = 1. In the case n does not divide j the same
comparison yields

(4.7) j=1+Li/n).

This implies j = 1. Indeed, let j = an+ 0 with 0 < 8 < n. Then we have j = 1+,
and this yields

(4.8) 1-p=an-1).
It follows that =1 and a = 0, otherwise both sides of (4.8) have different signs.
We conclude that j =14+ a = 1. O

Hence even for a formal power series f, we see that the assumption that f is
an eigenfunction of the Hecke operator U,, imposes the restriction that f can only
vanish to order zero or one.

For the sake of completeness, we describe the trivial eigenfunctions of the com-
position of operators U, o V,, and V,, o U,,. Theorem 3.1 shows that U, o V,, is the
identity. The next result describes the composition V;, o U,.
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Theorem 4.3. The only eigenvalue of V,,0U,, is A = 1. Moreover, given any formal
power series f(z) = Y p, bea”, the function g(x) = > 5o arz®, with

(4.9) a — {bk if n divides k

0  if n does not divide k
is an eigenfunction of V,, o U,,, with eigenvalue 1.

Proof. The result follows directly from the identity

(4.10) (Vi o Up) <Z arx ) = iaknxk.
k=0

5. THE HYPERGEOMETRIC FUNCTIONS

In this section we use Theorem 4.1 to describe the action of U, on the set $ of
all hypergeometric functions. We recall that a hypergeometric function is defined
by

o (a1 (a2)k -~ (ap)y o
5.1 F,(a,b;z) := —,
&1 PFal@bia) = D G e B

where a := (a1, as,--- ,a,) and b := (b1, ba,--- ,b,) are the parameters of ,Fj.
These parameters are non-zero complex numbers. We begin by stating explicitely
the action of U,, on S’zp g B the main result of this section.

Theorem 5.1. Let j, n € N. The action of U,, on the class g{p a0 that is, on
functions of the form

(5:2) frag =2 pFy(a bix)
is characterized as follows.
If n divides j, we have

j ») i (eor(ea)i - (enp)n ok o,
( Z—kxk>:x/ 2 Eldsls gy e B € Sy

(bg+1) =

where we define the parameters

i -1 .
(5.3) Cintl = G ¥ f0<i<p-1,1<l<n
n
b; -1 ]
dint1 = L, for0<i<gq,1<1<n,
n

and j; = j/n. The new variable is z1 = prP—a=1) 4

If n does not divide j, we have

(bg+1)

k
ap)k pLFLi/m) “(epn)k 1 J
(fz—x) IS el 2 e

where we now define the parameters
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i l .
(5.4) Cint+l = w, for0<i<p-—1,1<1<n,
n
b; l _
din+1 = 7_,_14—7"4—7 for0<i<gq,1<I1<n,
n

and jo =14 |j/n]. The new variable x; is defined as above.

Before proving this theorem, we first need to state some intermediate results.
The next lemma allows for a simplication of the ascending factorial function on an
arithmetic progression of indices.

Lemma 5.2. Let k, n € N and a € R. Then

Jj=0

Proof. Start with

@ = [+ 9=n" [T (2+2).

=0 =0

and then collect terms according to classes modulo n. O

In order to evaluate
: N (a)k(az)k (@),
U, (27, Fy(a,b)) =U, | 2/ "],
(=" Fy(a. b)) ( 2 Teloo)s - Bl n
where we have used k! = (1); and defined b, = 1, we observe that by Theorem

4.1 the discussion should be divided into two cases according to whether or not n
divides j.

Case 1: n divides j. Theorem 4.1 yields

o0

27 a - (@1)kn -~ (ap)in o
o e (o Pl ) kZ:O b)kn - (gr )i

and using Lemma 5.2 we can write this as

o) P n—1 a+l g+ln—1 b+Z
U (a9, Fy(a, b)) = 23/m 3" ntr=a=0in T H( = ) (TITI ( = ) o,
k k

k=0 j=11i=0 j=11=0

Now recall that g1 = 1, so the d parameters corresponding tos = g are 1/n, 2/n,--- , (n—
1)/n, 1. The total number of d-parameters is now reduced by 1, in order to write
the result in the canonical hypergeometric form:

> DR k
U, (27,F,(a, b)) = 27/m Y plp-a=1in (Clzlk(@)k (Cnp)k 33_'
k=0

(d1)k(d2)k -~ (dn(g+1)—1)k K!
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Lemma 5.3. The parameters a, b, c and d satisfy

np n(g+1)—
Zci— Z d—Zaz Zb—|— (p—q—1).
i=1
Proof. The new parameters are
a; a1 +1 ar+n—1 ap ap+n—1
a0 T R T
and
by b1 +1 bi+n—1 bq+1_1 bq+1—|—n—2_n—1
n on n h o on n on
and the identity is now easy to check. O

Corollary 5.4. Suppose p = g + 1, then U, preserves the quantity > a; — >_ b;.

Case 2: n does not divide j. Proposition 4.1 now gives

(5.6)  Un (xﬂ 3 —%))xk> LAtLi/n) Z ap)N o,

(bgt1)k q+1)

where b,41 = 1 and we define N = n(k + 1 — {j/n}). Observe that 0 < {%} <1,
thus nk < N < n(k+ 1). The next result simplifies the Pochhammer symbols.

Lemma 5.5. Let a € C and j, n € N with j not divisible by n. Define N =
n(k+1—{j/n})and r =n(1 — {j/n}) — 1. Then

(5.7) @y =@ [] (*)

i=r+1

Proof. Start with
ala+1)(a+2)---(a+N—-1)

-GGl

and now grouping terms modulo n as follows:
nN(a)y (E)-(3+1)---(3+k—1)
n n n

1 1 1
<3+—)-(3+—+1>---<3+—+k—1>
n o on n o n non

—1 —1 —1
<3+n >-<3+n +1>---<3+n +k—1)
n n n n n n

multiplied by the factor

(g+k).(g+%+k)...(g+g+k),

that appears because n does not divide j. Therefore we have

(5.8) (a)Nan:ij:(“:i)ka(““m)

=0

(a)n

X

X
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where the second product is not the Pochhammer symbol. Now employ the relation

(C =+ 1)k

5.9 k+c=c ;

(5.9) O

to write
n—1 . T . T . T .

N a+1 a4+ ' a—+1 / a+1
= T(S), () T ) /T,

=0 k =0 =0 k =0 k

This expression reduces to the stated formula. O

The transformation above yields

R (al)k"'(ap)k b 1414 s o (Cl)k"'(c n)k
Uy | 2/ Uk AR k) = gl li/nl nk(p—a—1) P 2~
( kZ:O (b)r - (bg1) Z (d1)k - (dig+1yn)k

q+1) k=0

The special case p = ¢ + 1 provides a simpler situation, in which the coefficient
n™k(r=4=1) does not appear in the resulting series.

Theorem 5.6. Let j, n € N and assume p = q + 1.

If n divides j, we have
(5.10) U, (xijq (a,b;x)) = a:j/"onnp_l (c,d;x),
where ¢, d are defined in (5.3).

If n does not divide j, we have
(5.11) U, (xijq (a, b; x)) = gtli/nl npFnp—1(c,d; ),
where ¢, d are defined in (5.4).

6. THE EIGENVALUE EQUATION

In this section we focus on the spectral properties of the operator U, as the
spectral properties of the operators V,, are trivial. It is here that we encounter
more subtle ideas. We describe first the eigenfunctions of the operator U,, of the
form 27, F,(a.b;x). That is, we look for parameters p, ¢ € N and complex numbers

(61) a1, Az, ,ap; blvan 7bq
such that, with a = (a1, - ,ap) and b = (b1, -+ ,by), we have
(6.2) U, (27, Fy(a, b;2)) = A/ ,Fy(a, by z).

The results from Theorem 5.1 showed that the action of Uy, on ) F,; depends on
whether or not n divides j, which by Theorem 4.2 reduces to the cases j = 0 and
j =1 when considering eigenfunctions of U,.

Case 1: j = 0. Under this condition we show that the eigenfunction reduces to a
rational function.



14 VICTOR H. MOLL, SINAI ROBINS, AND KIRK SOODHALTER

Lemma 6.1. Assume n divides j and that (6.2) has a nontrivial solution. Then,
for all k € N, we have

q+1 P qg+ln—1
(6.3) HH (a; +nk+1) x Hb +k)= Haj—i—j)xHH(bj—i—nk—H).
j=1i=0 j=1 j=1 j=1i=0

Proof. Comparing terms of the equation U, f = f yields

(@1)nk (a2)nk -~ (ap)nk _ (a1)k (a2)k - -~ (ap)k
(01)nk (02)nk * - (bgt1)nk (b1)k (b2)k -+ - (bgs1)k
Replace k by k + 1, divide the two equations and use

(6.4)

(6.5) Mza—i—k, and(a)nﬂ:(a+nk)(a+nk+1)-~(a—|—nk—|—n—1)
(@)k (@)k

to produce the result. O

Lemma 6.2. Assume n divides j and that (6.2) has a nontrivial solution. Then
p=gq+1

Proof. Comparing the degrees of the left and right hand side of (6.4) gives pn+ ¢+
l=p+n(g+1). O

Proposition 6.3. Assume n divides j and that (6.2) has a nontrivial solution.
Then

{ b; b; +1 b7;—|—n—1}p {b a; a; +1 ai—|—n—1}p
Qjy —, = iy T " .
=1 =1

n n ’ n n n n

Proof. The roots of the left and right hand side of (6.4) must match. g

We now show that the results of this Proposition imply that the parameters must
match: a; = b; for all indices.

Proposition 6.4. Assume n divides j and that (6.2) has a nontrivial solution.
Then, for any k € N, we have

p p
(6.6) > ab=>"0k
=1 =1

Proof. Proof by induction on k. The case k = 1 comes from matching the coeffi-
cients of the next to leading order in k. Indeed, this matching yields

n—1 p n—1 p
ZwZZb +J) Zb +2. 2 (ai+9);
j=11i=1 j=1i=1

and the case k = 1 holds. In order to check it for £ = 2, add the squares of the
elements in Lemma 6.3 to obtain, from the left hand side the expression

p n-—1 p p p n—1 n—1
Za F Wb = Y S Y kY LY
i=1 j=0 i=1 i=1 i=1 j=0 =0

Matching with the corresponding expression from the right hand side and using the
statement for k = 1, yields

(67) e oY

i=1 i=1
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The higher moments can be established along these lines. O

Proposition 6.5. Assume two sets {a; : 1 < j < n} and {b; : 1 < j < n} of
complex numbers satisfy

63) Sak= Y

i=1 i=1
for every k € N. Then, after a possible rearrangement of terms of one of these sets,
we have a; = b; for all 7.

Proof. For a,b € CP and N € N, let

(6.9) pn(a) = Zaf\’

and let

falt) = S i@ folt) =S (o)
=0 J: =0 J:

be the generating functions of py(a) and pn(b), respectively. Now assume

fa=fo, ie.

Zﬂj(a)j = Zﬂj(b)j
j=0 J: j=0 J:

Expanding further gives

|
== T =0
Since p; is defined as a sum of finite terms, we can change the order of summa-
tion.

p o ; p oo -
R
This yields
(6.10) et a2t Ly gapt — pbit y pbat oy bt
Suppose first that a;, b; € R and order them as
a1 <ax < <apand by <bp < -0 < by

Eliminate from (6.10) all the terms for which the a’s and b’'s match, to assume that
a1 < by. Then

1+e(ag—a1)t N +e(ap—a1)t — e(bl—al)t + e(bg—al)t N +€(bp_a1)t.

Finally, let ¢ — —oo to get a contradiction. O

We summarize the previous discussion in the following Theorem.
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Theorem 6.6. Suppose there exists an eigenfunction of U,, of the form

= (a)k(a2)k - (ap)e g
(6.11) flz) = kZ:O (h)kibz);- : (bq+1;€k "

corresponding to the eigenvalue \. Then A = 1, p = ¢+ 1 and a; = b; for all 4.
Therefore f(z) = 2.

1—z

Case 2: j = 1. Under this condition we show that the spectrum of the operator
U, is the set {n" : i € Z}. The corresponding eigenfunctions are the polylogarithm

functions
o

(6.12) PolyLog; () := Z Kiak,
k=1

corresponding to the eigenvalue n’ with negative i, and the eigenfunctions

(i) (%)

corresponding to the eigenvalue n’ with non-negative i.

Example 6.7. The dilogarithm function

(6.13) Lip(z) 1= ) x_:
k=1

satisfies

(6.14) U, (Lis(x)) = %Lig(x).

Therefore 1/n? € Spec(U,,). The dilogarithm function admits the hypergeometric
representation

(6.15) Lig(x):x3F2(<1 , 1>;x)

We now explore properties of eigenfunctions of the operator U,.

Proposition 6.8. Assume (6.2) has a nontrivial solution with j = 1. Then, for all
k € N, we have

P q+1 n—2 q

+1
(6.16) [(a;+k—1)-T] I[ @j+nk+i)=][®;+k-1)-

P n—2

H 1:[ (a; +nk+1).

1i=—

j=1 j=1i=—1 = j

Proof. Assume the eigenfunction has the form
(6.17) flx)=x chxk.
k=0

Comparing coefficients in the equation U, f = Af gives
(6.18) Cnk—1 = ACh_1-
Replacing the standard hypergeometric type yields
(@1)nk—1- " (ap)nk—1 (a1)g=1-+(ap)r—1

(6:19) SRR Y WA Ty USSR P
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Replace £ by k£ + 1 and divide the two corresponding equations to obtain the

result.

O

Lemma 6.9. Assume j = 1 and that (6.2) has a nontrivial solution of the form

(6.20) = xz ba)’“—)xk.

D (bg+1)k

Then p=q+1.

Proof. Compare the degrees on both sides of the polynomial in Lemma 6.8. O

Proposition 6.10. Assume

L

is an eigenfunction for U,,. Then

{ bi—]. bi bi+n—2}p { ai—l a;
Cl,i—]., sy Tty T = ) ) ) P
n 'n n i1 n 'n

a;+n—2

}p
n i=1

Proof. These are the roots of both sides of the polynomial in Lemma 6.8. O

We now show that this equality of sets imposes severe restrictions on the eigen-
values and eigenfunctions of the operator U,,. We discuss first the eigenvalues.

Proposition 6.11. Assume

o (@i (ap) .
6.22 = ANl VAR o/ A3
(6.22) /(@) kg O

is an eigenfunction for U,. Let

(6.23) Yo :=|{t € {1, 2,---,p}: such that a; = 1}|,

and similarly for ~,. Then

(6.24) n7(a1)n-1(a2)n-1--- (@p)n—1 =n"(b1)n-1(b2)n-1" -

(bp)n—l-

Proof. Consider the product of all the non-zero terms on the left-hand side of
Proposition 6.10. The removal of the zero terms, corresponding to those a; = 1

carry with them the removal of a power of n.

O

Example 6.12. In example 6.7 we have v, = 3 and v, = 1. The statement (6.24)

states that

(6.25) 22 X (Dn-1(Dn-1()n-1 =1 X (2)n-1(2)n-1(1)n-1,

which is correct.
Theorem 6.13. Assume j = 1 and

o (@) (ap)
(6.26) f(x) = a:kz:;) D)k (by)r
is an eigenfunction for U,, with eigenvalue A\. Then
(6.27) A=n"e
with 74, 75 are defined in (6.24).
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Proof. Put k =1 in the relation (6.19) to obtain

(al)n—l et (ap)n—l
(bl)nfl T (bq+1)n71 .
Now use (6.24) to conclude. O

(6.28) A=

The result above shows that the spectrum of U, satisfies
(6.29) Spec(Uy,) C {n® :€ a € Z}.
The examples below show that we actually have equality.

Example 6.14. Let i € Z. Then the hypergeomeric series

oo

(6.30) fila) =Y k¥,

k=1
is an eigenfunction of U,,, with eigenvalue n’. The dilogarithm corresponds to the
case i = —2.

Theorem 6.15. The spectrum of U, is the set {n’: i € Z}.

We now discuss the eigenfunctions of U,,. Start with the sets

{a’i_:l?bi_lvﬁa"' M}p :{bi_laai_la%,--- w}p ,
n

) )
n 'n n i1 n n i1

that have appeared in Proposition 6.10. Recall that {a;, b;} are the parameters of
the eigenfunction
o (a)k ()i,

31 T)==x — "
(6.31) f(@) ;) YO
We may assume that a; # b;, otherwise the term (a;)r = (b;)x should be cancelled.
Observe that if we let ¢; = a; — 1 and d; = b; — 1, the basic set identity in Case 2
becomes the basic set identity of Case 1, with ¢; instead of a; and d; instead of b;.
The reason why one cannot deduce a; = b; is that some of the a; in Case 2 could
be 1, and the corresponding ¢; would vanish. This violates the basic assumption of
Proposition 6.5.

We bypass this difficulty by defining

(6.32) a;: a; '1fai7é1,
2 ifa; =1,

and

(6.33) b= Y b 71,

The sets described above, obtained by replacing a;, b; by al, b, remain equal. In
order to see this, observe that if a; = 1, then the elements containing a; are

1 _9
(6.34) {“1 o W}

n n n

are replaced by

(6.35)

)

a1 a1 +1 a1 +n—1
n’  n ’ n ’
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that is equivalent to simply replacing a; by a1 +1. Theorem 6.6 shows that a} = b..
If both a; and b; are equal to 1 or both different from 1, we conclude that a; = b;.
This contradicts our original assumption. In the case a} = b, with a; = 1, we
conclude that b; = 2. Similarly, if a; = b., with b; = 1, we obtain a; = 2. Therefore,
each a; = 1 produces the valid pair {1,2}, and each b; = 1 leads to {2,1}. Using
the fact that there are no common parameters from top and bottom, we conclude
that an eigenfunction must have the following structure:

Theorem 6.16. Assume

o0

(6.36) fa) =23 Mxk

= (b1)k - (bg1 )k
is an eigenfunction of U, with the usual normalization b,y; = 1. Then, either

a;=2and b; =1foralll <i<p,ora;=1and b; =2foralll <i<p.

In other words, if f is an eigenfunction of any particular Hecke operator U,
then

a a—1

(637) f(l') ~a Fa—l((lalvla' "71)7(252725' 72)7‘]:) = kzﬂﬁx ’

or
a a—1 50
(6.38) f@) =a Far1((2,2,2,...,2), (1,1,1,..., D) = Y k%,
k=0

where a is any nonnegative integer.

7. THE SIMULTANEOUS EIGENFUNCTIONS OF U,, FOR ALL n

In this section we completely characterize those hypergeometric functions which
are simultaneous eigenfunctions of U, for all n, and give an application to the
theory of completely multiplicative functions.

What do the hypergeometric functions f(z) = > -, cxz® that are simultaneous
eigenfunctions of all of the linear operators U,, look like? It turns out there is a
simple answer: they are precisely the polylogarithms and the rational functions

(x%)a (ﬁ), as given by the following theorem.
Theorem 7.1. Let

(7.1) flx) = chxk
k=1

be a hypergeometric function with no constant term. Then f is a simultaneous
eigenfunction for the set of all Hecke operators {U,, } -, with respective eigenvalues
{/\n}zozl if and only if

(7.2) fl@)=C> kb,
k=1

with a € Z and C' € C. In other words, f is a polylogarithm, or f = (x%)a (ﬁ)
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(]

Before proving this theorem, we prove an interesting corollary regarding a num-
ber theoretic fact concerning hypergeometric coefficients that are completely mul-
tiplicative functions of the summation index.

Corollary 7.2. The hypergeometric coefficient

~(a)n—1(ap)n—1
(7.3) ) = B (og)nr”

is a completely multiplicative function of n if and only if it is of the form C'n® for
some a € Z and C € C.

Proof. By the definition of the completely multiplicative function ¢(n), we know
that

(7.4) c(nk) = c(n)c(k)

for all k,n € N. This implies that

(7.5) fl@) =" clk)a*
k=1

is an eigenfunction of U, with eigenvalue ¢(n). This holds for all n, thus it is a
simultaneous eigenfunction. The result now follows from Theorem 7.1. ]

We recall that by definition f is a simultaneous eigenfunction of all of the Hecke
operators if and only if for all n € N,

(7.6) Unf = f.

Treating f as a power series without even considering its hypergeometric prop-
erties, we have

(7.7) i ™ = A, i cra®
k=1 k=1

so that

(7.8) Cnk = AnCk

This is true for all £ > 1, so we can set k = 1 which gives us
(7.9) Cn = A\pC1

This, in turn, is true for all n, which proves the following.

Lemma 7.3. Let
(7.10) flx) = chxk
k=1

be a power series with no constant term that is a simultaneous eigenfunction for
the set of operators {U, } -, with respective eigenvalues {\,} - ,. Then, for i > 2,
we have

(711) C; = )\icl
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and thus
o
(7.12) flx)=c E AnzP.
k=1

O

Proof. (of Theorem 7.1) Let us suppose now that f, as defined in (7.12), is a
hypergeometric function. By theorem 6.13, we have that

(7.13) Ap =007 e
where v, and «y, are defined in 6.24. This proves theorem 7.1. O

In our formal hypergeometric notation, we see that any simultaneous eigenfunc-
tion must be the polylog

a a—1

=1
(7.14) f@) =a Farr(1,1,1,...,1),(2,2,2,...,2)52) = Y —aF,
k=0 ke
or the rational function
a a—1 00
(7.15) 9(@) =a Fau1((2,2,2,...,2),(1,1,1,..., 1);2) = Y _ k¥,
k=0

where a is any nonnegative integer. In conclusion, we see that if a hypergeometric
function is an eigenfunction for a single operator Uj, then it is automatically a
simultaneous eigenfunction for all of the Hecke operators U, as n varies over all
positive integers. This situation lies in sharp contrast with the space of rational
functions studied recently in [9], [5], and [11].
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