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VICTOR H. MOLL

ABSTRACT. We present a systematic derivation of some of the definite integrals
in the classical table of Gradshteyn and Rhyzik that involve trigonometric
functions.

1. INTRODUCTION
The table of integrals [1] contains many evaluations that involve the standard
trigonometric functions. Our goal is to present them in a systematic manner.
2. SOME ELEMENTARY OBSERVATIONS ABOUT SYMMETRY

Consider the integral

2T
(2.1) Jij = / sin’t cos’ t dt.
0
The change of variables v = 27w — ¢ produces
(2.2) Jij = (=1)"J; ;.
Therefore,
(2.3) Jij =0, if 7 is odd.

We now consider the value of
(2.4) Sm(a,b) = /O%(a sinz + b cosz)™ dz.
The change of variables u = 27 — x yields
(2.5) Sm(a,b) = /0277(—@ sina + b cosz)™ dz.

Adding these two equations produces

m 27
25, (a,b) = Z (?) (1+ (—1)k)akbm*k/0 sin® 2 cos™ " z d.

k=0
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Assume now that m is odd, say m = 2n + 1. Then k must be even, say k = 27,
with 0 < j7 < n. We obtain

2 1 ) ) 2m
(26) QSm(a,b) = Z( n2+ )a2]b2’l’b+l2j/ sin2 cos2™ 123 o g
J 0

"o 41\ 4. ,
- Z( ”; )azjbznﬂzjj?jznﬂ%-
, J

Now use periodicity and symmetry to write

27 T
/ sin? z cos® 2 g dr = / sin? x cos® 1% g dx
0

—1T
a .
= 2/ sin? z cos® =% g dx.
0

Now observe that the change of variables u = m — x yields

™ /2
/ sin? ¢ cog? 1720 pdr = (_1)271“1’172] / sin? u cos2™ 127 4, du
/2 0

/2 )
= —/ sin® z cos®"1 2% g dx.
0
Therefore
27

(2.7) Jojont1-25 = / sin? z cos? 12 g dz = 0.

0
From (2.6) we conclude that

(2.8) Sm(a,b) =0, if m is odd.

This appears as 3.661.1 in [1].

The case m even, say m = 2n is treated in a similar way. Symmetry produces

= (2 . [T ,
. m(a,0) = n a®Ip*n sin® 2 cos® ¥ x du.
2.9 S, b) =4 5
j=o \ 0
The integral above is expressed in terms of the beta function
1
(2.10) Bla,b) = / =11 — )1 gy
0

as

/2 ) 1
(2.11) /o sin® z cos®™ ¥ zdr = 5B (j+in—ji+3).

Using the relation B(a,b) =TI'(a)['(b)/T'(a + b), and the special value

V7 (2k)!
(2.12) P(k+3) = 77
we obtain

(271)' T n Qk an—Qk

22n=Inl &=kl (n — k)1

(2.13) Son(a,b) =

0 3.661.1
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This reduces to

2 (2n\, 9 Lown
©3.661.2

This appears as 3.661.2.
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