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Abstract. We present a systematic derivation of some of the definite integrals
in the classical table of Gradshteyn and Rhyzik that involve trigonometric
functions.

1. Introduction

The table of integrals [1] contains many evaluations that involve the standard
trigonometric functions. Our goal is to present them in a systematic manner.

2. Some elementary observations about symmetry

Consider the integral

(2.1) Ji,j :=

∫ 2π

0

sini t cosj t dt.

The change of variables v = 2π − t produces

(2.2) Ji,j = (−1)iJi,j .

Therefore,

(2.3) Ji,j = 0, if i is odd.

We now consider the value of

(2.4) Sm(a, b) =

∫ 2π

0

(a sinx + b cosx)m dx.

The change of variables u = 2π − x yields

(2.5) Sm(a, b) =

∫ 2π

0

(−a sin x + b cosx)m dx.

Adding these two equations produces

2Sm(a, b) =

m
∑

k=0

(

m

k

)

(1 + (−1)k)akbm−k

∫ 2π

0

sink x cosm−k xdx.
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Assume now that m is odd, say m = 2n + 1. Then k must be even, say k = 2j,
with 0 ≤ j ≤ n. We obtain

2Sm(a, b) =

n
∑

j=0

(

2n + 1

2j

)

a2jb2n+1−2j

∫ 2π

0

sin2j cos2n+1−2j xdx(2.6)

=

n
∑

j=0

(

2n + 1

2j

)

a2jb2n+1−2jJ2j,2n+1−2j .

Now use periodicity and symmetry to write
∫ 2π

0

sin2j x cos2n+1−2j xdx =

∫ π

−π

sin2j x cos2n+1−2j xdx

= 2

∫ π

0

sin2j x cos2n+1−2j xdx.

Now observe that the change of variables u = π − x yields
∫ π

π/2

sin2j x cos2n+1−2j xdx = (−1)2n+1−2j

∫ π/2

0

sin2j u cos2n+1−2j u du

= −
∫ π/2

0

sin2j x cos2n+1−2j xdx.

Therefore

(2.7) J2j,2n+1−2j =

∫ 2π

0

sin2j x cos2n+1−2j xdx = 0.

From (2.6) we conclude that

(2.8) Sm(a, b) = 0, if m is odd.

• 3.661.1

This appears as 3.661.1 in [1].

The case m even, say m = 2n is treated in a similar way. Symmetry produces

(2.9) Sm(a, b) = 4

n
∑

j=0

(

2n

2j

)

a2jb2n−2j

∫ π/2

0

sin2j x cos2n−2j xdx.

The integral above is expressed in terms of the beta function

(2.10) B(a, b) =

∫ 1

0

ta−1(1 − t)b−1 dt

as

(2.11)

∫ π/2

0

sin2j x cos2n−2j xdx =
1

2
B

(

j + 1

2
, n − j + 1

2

)

.

Using the relation B(a, b) = Γ(a)Γ(b)/Γ(a + b), and the special value

(2.12) Γ
(

k + 1

2

)

=

√
π

22k

(2k)!

k!
,

we obtain

(2.13) S2n(a, b) =
(2n)! π

22n−1 n!

n
∑

k=0

a2k b2n−2k

k! (n − k)!
.
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This reduces to

(2.14) S2n(a, b) =
2π

22n

(

2n

n

)

(a2 + b2)n.

• 3.661.2

This appears as 3.661.2.
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