Take-Home Exam

Due: Wed Oct 30th by 6:00pm

Problem 1 (Continuous Dependence): Let U € R" be a bounded domain. Consider
the Dirichlet boundary value problem

—Au=f in U
u=yg on OU.

Assume f can be continuosly extended to U (i.e. it is uniformly continuous).

(a) Show that the solution u has continuous dependence in C(U) on the boundary data

g € C(0U) and the source term f € C'(U). Assume that a solution u always exists.

Namely, show that if g, — g in C(9U) and f,, — f in C(U) that the solution u,, — u

in C(U).

(b) Show that the solution has continuous dependence in C*(U) on the boundary data
g € C*(QU) and the source term f € C*(U) for any k > 1 (again assume f and its
first k derivatives can be continuously extended to U).

Problem 2 (Greens Function): Let U C R” have C'!' boundary (but is not necessarily
bounded). Recall, the Neumann boundary value problem takes the form

Au=0 in U
%:f on OU,

for some function f € C(OU) with [ fdS(y) = 0, where v denotes the outward facing normal
to OU. Note that |, o fdS(y) is necessary since by the divergence theorem

f0)as) = | au(w)asty) = [ Audy—0
ouU ouU U
(a) (Extra Credit) We seek a Green’s function G(z,y) that can express a solution u €
C?(U) as

u(r) =c+ . G(x,y)f(y)dS(y),
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where f is assumed to have compact support on U, |, o fdS(y) = 0 and c is a constant
that depends on u. Give a formula for the Green’s function in terms of a corrector
¢"(y) that is chosen to satisfy a particular BVP. (Hint, you may take for granted the
formula we proved in class

u(@) = | 0,2 —yuly) = duly)®(r —y)dS(y),
U
where ® is the fundamental solution.)

(b) Consider the Neumann problem in the upper half-plane R3 = {z = (21,2,) € R? :
To > O},

Uzy = f on {zy = 0}.
Find the corresponding Green’s function and show that

arvan) = 5= [ nlGer = 9)? + 23] F(0)

{Au:O in Ri

is a solution.

Problem 3 (Soap bubble). Let U be a bounded domain in R" with C'! boundary and let
¢ be a smooth function on U satisfying ¢|sy < 0. Define the constraint set

A, ={ue C*(U) : ulogy =0, u > pon U}

and the surface energy of u
] = 1/ | Du(z)Pdz.
2 Ju
We seek to minimize the surface energy Iu| over all functions u € A, constrained to lie
above . Physically, we can view the minimizer as the shape of a “soap bubble” attached to
the boundary OU and stretched over the obstacle ¢. The soap bubble will try to minimize
its energy as best it can subject to constraint imposed by the “obstacle”.
Show that if such a minimizer exists, i.e. if there is a u, € A, such that

Tu,) = min{I[u] : ue A},

then w, is harmonic on the openset V,, := {z € U : u* > ¢}, namely u, is harmonic wherever
it doesn’t touch . (Hint: for each test function ¢ compactly supported in {u, > ¢}, show
that you can find and interval (—d,0) of 0, depending on ¢ such that u, + 7¢ > ¢ for all
T € (=6,6).)

Problem 4 (Regularization and decay): Let u be the solution of Cauchy problem for
the heat equation on R™

u—Au=0 in R™ x (0,00)
u=f on R"x {t=0}.
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where f € C*°(R") N LP(R") for some p € [1, 00].Show that for each r > p and multi-index
a, there exist a constant C' > 0 (independent of u) such that

C
Ty e

[e] nol
t7+5 »

[D%u(, )] <

(Hint 1: You may want to use Young’s convolution inequality ||f = gllz- < ||fllzellgllze),
Wherel—k%:%—k%.)

(Hint 2: Let ¢(z) = exp(—|z|*/4). You may find it useful to show by induction that for any
multi-index « there exists a polynomial P(z) (whose exact form isn’t important)

D(¢(w/ V1) = g Pla/VDo(a/VH).

tlol/2 I/2

You may also find it useful to show that for any polynomial P(y), there is a constant C' such
that

|P(y)o(y)| < Co(y/2).
)

Problem 5 (Wave energy): Use an energy method to show that there is at most one
smooth solution to the equation

Ugt + CUp — Ugy = f

in the domain (0,1) x (0,00) with initial conditions u(z,0) = g(z), u;(z,0) = h(x) and
boundary conditions u(0,t) = u(1,t) = 0. (Hint: there are different energies for ¢ > 0 and
c<0)

Problem 6 (Wave decay): Let u be a C? solution of uy; — Au = 0 in R? x (0, 00), with
u(z,0) =0 and w(z,0)=g(z), z€R?
where g is a smooth function satisfying ¢g(x) = 0 for |z| > a.
(a) Show that there exists a constant C' such that |u(z,t)| < € for ¢ > 2(|z| + a)

ow that 1mt_>ootuxt— 2g yora T €
b) Sh hat 1 5 Jr y)dy fi 11 R2.



