1.

(a)

Find the point where the line with parametric equations x =1+ 2t, y =2 —1t, 2 =4 —2¢
meets the plane z 4+ y — 2z = 10.

Solution: We substitute and solve:

(1426 +(2—1t) —2(4—2t) = 10

-5+ 5t =10
5t =15
t=3

So the point isat = 1+2(3) =7,y =2—-3 = —1 and z = 4 — 2(3) = —2, that is
(7,-1,-2).

Find the symmetric equations of the line perpendicular to the plane x + y — 2z = 10 and
passing through the point (1,2, 3).

Solution: The direction vector for the line can be the same as the normal vector for the

plane:
L=1i+1j-2k

Thus the parametric equations (if they write them first) would be

r=1t+1
y=1t+2
z=—-2t+3

and the symmetric equations would be

or

[10 pts]

[10 pts]



2. (a) Find an equation of the plane passing through the points (-2, 1,1), (0,2, 3) and (1,0,—1). [10 pts]
Solution: If we call the points P, @ and R respectively and then we construct two vectors
and take the cross product to find N:

R
PQ=2i+1j+2k
—
PR=3i-1j-2k
N=(-2+2)i—(—4—6)j+(—2-3)k
=0i+10j—5k

Then using P the plane would have equation (simplification not necessary):

0(x—(-2))+10(y—1)—5(z—-1)=0
10(y—1)—5(z—1)=0

10y — 5z =5
20—z =1
(b) Leta=2i+3j—1lkand b=0i+6j+ 10k. Find pr,b. [10 pts]
Solution: We have:
a-b
b= 2"
pr, a-aa

= 2)(0)2;+(3§2(?2L_(1_)21)(10) (2i+3j—1k)

8
Z(2i+3j-1k
14( i+3] )
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3. Suppose C is parametrized by r(t) = e’ costi+ elsintj for 0 <t < 3.

(a) Find the length of the curve C. Simplify.

[10 pts]
Solution: To find the length we first find:
r'(t) = (e’ cost — e’ sint) i+ (e'sint + e’ cost) j
' (t)|| = v/ (et cost — et sint)? + (et sint + et cost)?
' ()] = V[
= \/th cos2t — 2e2tsintcost + €2t sin?t + e2tsin? t + 2e2tsint cost + €2t cos? ¢
=/ 2¢e2t
pry \/Eet
and so
3
Length = / V2et dt
0
3
= /2t
0
NCENN X
(b) Find the unit tangent vector T(¢) and unit normal vector N(t). Simplify. [10 pts]
Solution: From above we have
r'(t)
T(t) =
[z’ (8)]]
1

5 [(cost —sint) i+ (sint + cost) j]

S

and from there:

T'(t) = [(—sint — cost)i+ (cost —sint) j]

1T (1)

1
(—sint — cost)? + i(cost —sint)?

TR e Sl

- [Sin2t+QSintCOSt+COS2t+COS2t7 QSintcost+sin2t] =1

and so T’(t)
NO =N~

1
— [(—sint — cost)i+ (cost —sint) j
vl )i+ )3



. Use the Fundamental Theorem of Line Integrals to evaluate [,,(2zy+z) dz+a® dy+ax dz where [20 pts]
C is parametrized by r(t) = 16t*i+ 1 j+ (2t — 1)k for 3 <t < 1.

Solution: The potential function is given by
fla,y,z) = a®y +az

The endpoints of the curve are given by

1
Start:r<2>:4i—|—2j+0k (4,2,0)
End: r(1) = 16i+1j+ 1k (16,1,1)

And so

/(2xy+z) de +2* dy +x dz = f(16,1,1) — £(4,2,0)
c

= [162(1) +16(1)] — [4%(2) + 4(0)]
=272 — 32
= 240



5. The object distance = > 0, image distance y > 0 and focal length L of a simple lens satisfy: [20 pts]

n 1

r y L

Using Lagrange multipliers find the minimum of f(x,y) = x+y subject to the constraint above.
You may assume that the minimum exists and that L is a fixed constant.

Solution: The constraint function is given by

o - lyl
So we solve the system
(1) 0
()
TERR 9

Equation (1) tells us that A = —22 and equation (2) tells us that A = —y2. Therefore 22 = 3>
and since they’re both positive, z = y.

Then equation (3) tells us that 2 + 1 = 1 so that # = 5% and so y = 5 also.

The minimum is then f (ﬁ7 ﬁ) = %



6. (a) Let z(x,y) = 22 — xy?. For all (z,y) compute [10pts]

0x2 0y? 0xdy

Solution: We have

022
s _
oy
0%z
=-2
0x0y Y

—2z

so that )
0%z 02 0%z 9
922 02 <(9336y) = (2)(—22) — (-2y)

(b) By differentiating both sides of the equation [10pts]
fltw, ty) = 2 f(2,y)
with respect to ¢ and then setting ¢ = 1, show that

of (x,y) | 9Of(z,y)
o or Ty dy

=2f(z,y)
Solution: By the chain rule we have
fltx,ty) = £ f(x,y)
4 Jltwty) = 547 ay)

of

Lt ty)(a) + S ety = 247 (2,)

Then when t = 1 we get

%(sc,y)(x) + %(%Q)y = f(z,y)



7. Let R be the region in the zy—plane between the graphb ofy=2%and y =1—22 Let D be [20 pts]
the solid region between R and the parabolic sheet z = 22. Find the volume of D. Slmphfy as
much as possible.

Solution: The region R is bounded on the left and right by :I:\/g found by solving z2 = 1 —z2

The volume is therefore given by:

Volume = /// 1dV

$2
/ / / 1 dz dy dx
/ / z? dy dx
91'
1,2
2

—/1/2
V1/2
:/ 2% —22* dx
~J/1/2
1, 2 VY2
= -2’ — -z
3 5 Vi



8. Let D be the solid region inside the sphere p = 2 and inside the cone z = \/x? + y2. Evaluate [20 pts]
the integral [[[;, 2% dV using spherical coordinates.

Solution: We have:

2 pm/4 p2
/// 22 dV :/ / / (pcos @)?p?sing dp de¢ df
2 o Jo 0
27 pm/4 1
:/ / —p°sin ¢ cos® ¢
o Jo O
2r /4 9
= / / S—Sin¢cos2¢ de¢ d
o Jo 5
2 /4
32 4
= ——cos” ¢
o mee,

d
= /0 ! —?—; [cos®(mr/4) — cos®(0)] df

21
-/ 3V] ”
o 15| 4

2
doé do
0

32 [ v2 m
BT [4_1]90
32 \/Q
~ 15 l4_1] (27)



9. Let C be the intersection of the cylinder 22 + 22 = 4 with the plane z + y = 4 and with [20 pts]
counterclockwise orientation when viewed from the positive y-axis. Use Stokes’ Theorem to
convert the line integral

/ xy dr+y dy + xz dz
c

to a surface integral. Write your integral as an iterated integral in polar coordinates. Do not
evaluate this integral.

Solution: By Stokes’ Theorem:

/xydm+ydy+xzdz:// (0i—zj—zk)-ndS
@] b

where Y is the part of the plane inside the cylinder with orientation forward and to the right.

We parametrize ¥ by

r(r,0) =rcosfi+ (4—rcosf)j+rsinfk
0<60<2m 0<r<2(This is our R)

So then

r, =cosfi—cosfj+sinfk
rg = —rsinfi+rsinfj+ rcosfk
r.xrg=-ri—rj+0k

which is opposite of X’s orientation, thus:

// (0i—zj—zk) -n dS:—// (0i— (rsinf)j— (rcos)k)-(—ri—rj+0k) dA
)

R
27 2
:f/ / r?sin@ dr df
0 0



10. (a) Let C be the triangle in the zy-plane with corners (0,0), (4,2) and (0, 6), oriented clockwise. [10 pts]
By using Green’s Theorem calculate the line integral f o 3ry dr + 422 dy.

Solution: If R is the filled-in triangle inside C then, noting the orientation of C, by Green’s

Theorem:
/ 3zy dx + 4x? dy:—// 8r — 3z dA
¢ R
= 7// 5 dA
/ / 5z dy dx
0 Jix
= —/ 5xy dx
3@
4 1
/ 52(6 — x) — bz <a:> dx
O 2
4
/ —2% + 30z dx
0
)
= —z® — 1527
2" 0
3. 13 2
= —(4)° — 15(4)
2
(b) Evaluate [, 2%y ds where C' is the circle z* + y* = 4. [10 pts]

Solution: We parametrize the curve by r(t) = 2costi+ 2sintj for 0 <t < 27. Then

r'(t) = —2sinti+ 2costj
' @) =2

and so
27
/ 22y ds = / (2cost)2(2sint)(2) dt
C 0

27
:/ 16 cos? tsint dt
0

16 2w

3
= ——cos"t
3

0
=0



